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ABSTRACT. We provide formulas for various bases of spherical Whittaker functions on
the n-fold metaplectic cover of GL, over a p-adic field and show that there is a basis of
symmetric functions in the complex parameter. In addition we relate a specific spherical
Whittaker function to the p-power part of the Weyl group multiple Dirichlet series for
the root system of type A,_; constructed from nth order Gauss sums. We also show
that the zonal spherical functions can be computed explicitly in terms of Hall-Littlewood
polynomials as in Macdonald’s formula for GL,..
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1. INTRODUCTION

In this work we give formulas for the spherical Whittaker functions on the n-fold meta-
plectic cover of GL, over a p-adic field. Our formulas generalize the formula of Shintani
and Casselman-Shalika which deals with the nonmetaplectic case (n = 1). Further we give
an explicit relationship between p-adic metaplectic Whittaker functions and the local parts
of Weyl group multiple Dirichlet series associated to root systems of type A,_; constructed
by Chinta and Gunnells [12]. Weyl group multiple Dirchlet series, first introduced in [4],
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are Dirichlet series in several complex variables whose coefficients are built out of Gauss
sums and the nth order power residue symbol.

Recently, Brubaker, Bump and Friedberg [5, 6] have given an alternative construction of
Weyl group multiple Dirichlet series of type A,_1, thereby confirming a conjecture made in
[7]. Moreover, in [5], they have shown that their series coincide with the global Whittaker
function of an Eisenstein series on the n-fold cover of G L, over a number field containing the
2n-th roots of unity. The constructions of [5] and [6] involve a combinatorial description in
terms of crystal graphs, while the construction of [12], generalizing an approach introduced
in [13], involves averaging with respect to a certain Weyl group action. For this reason,
the two approaches have not yet been shown to produce the same multiple Dirichlet series
except in certain very special cases, see e.g. [11]. The results of the present work combined
with the work of P. McNamara [21] lead to the resolution of this problem, as we now
describe.

Using methods completely different from ours, McNamara also gives a formula for the p-
adic metaplectic Whittaker functions on the n-fold cover of GL, (in fact of SL, but the two
are comparable). As mentioned above, we use our formula to show that (a suitably chosen)
spherical Whittaker function coincides with the p-part of the Weyl group multiple Dirichlet
series constructed in Chinta-Gunnells [12]. This is the content of Theorem 4 in Section 9.
On the other hand, McNamara’s formula for the spherical Whittaker function shows that
it coincides with the local part of the series constructed by Brubaker-Bump-Friedberg in
[5]. Consequently, the approaches of Chinta-Gunnells and Brubaker-Bump-Friedberg do
in fact produce the same series.

We now sketch the methods used in the proof of our generalization of the formula
of Shintani and Casselman-Shalika. Let n be a positive integer and let F' be a non-
archimedean local field that contains a primitive nth root of unity. For every ¢ € Z/nZ

Kazhdan and Patterson associated in [17] the c-twisted n-fold metaplectic cover GL,(F)©
of GL,(F). It is a central extension of GL,(F") by the group pu,(F) of nth roots of unity in
F. Tt is not, in general, the group of F' points of an algebraic group defined over F' but it is
an (-group in the sense of [3]. We assume throughout the paper that n is relatively prime
to the residual characteristic of F. In a global setting over a number field this assumption
is satisfied at almost all places.

Zonal spherical functions for a p-adic reductive group were computed explicitly by Mac-
donald [20]. In [9], Casselman reproved Macdonald’s formulas using the theory of unram-
ified principal series representations. This point of view was taken further by Casselman
and Shalika in [10] where they explicitly compute the spherical Whittaker functions for a
p-adic reductive group, generalizing Shintani’s formula for GL, [29]. The method of Cas-
selman and Shalika has since been applied in many cases to compute spherical functions
on p-adic symmetric spaces or more generally on spherical varieties (e.g. [15], [24], [27]).
See also [8], which extends the method to the metaplectic double cover of Spa,.(F).

The main result of this work, specialized to the case n = 1, recovers the Shintani,
Casselman-Shalika formula for the spherical Whittaker functions of GL,.(F') in terms of
the symmetric Schur polynomials. For general n, a central difficulty is the failure of



A METAPLECTIC CASSELMAN-SHALIKA FORMULA FOR GL. 3

uniqueness of Whittaker functionals (and therefore of spherical Whittaker functions of a
fixed Hecke eigenvalue). In [14], Y. Hironaka computed explicitly the spherical functions
on the space of non-singular Hermitian matrices with respect to an unramified quadratic
extension of p-adic fields. This is a case where multiplicity one fails. Hironaka’s approach
to the Casselman-Shalika method in case of multiplicities (see §1 of [ibid.]) is our guideline
for this work. (See [25] for an earlier treatment of multiplicities by different methods.)

Roughly speaking, a spherical function can be expressed as the value of a certain linear
form applied to translates of the unramified vector in an unramified principal series repre-
sentation. The idea behind the Casselman-Shalika method is to reduce the computation
for the value of the linear form on a translate of the element invariant under the maximal
compact subgroup to the computation of simpler expressions for elements invariant under
a smaller open compact — the Iwahori subgroup. There are three main steps in carrying
out the method.

The first has to do solely with the group and not with the particular linear form we
consider. It is an expansion of the unramified element of a principal series representation
in terms of a “well-chosen” basis of the Iwahori invariant subspace — the Casselman-
Shalika basis. In [26], Sakellaridis provides a formula for spherical functions in the general
setting of spherical varieties for a split reductive group (this, however, does not contain our
case as long as n > 1). His characterization of the Casselman-Shalika basis simplifies the
computation. In Subsection 3.3 below we take this approach and construct the Casselman-
Shalika basis for the unramified principal series of éLSC)(F ).

The second step is to obtain Weyl group functional equations between the spherical
functions. The unramified principal series representations are parameterized by a vari-
able, say s, in some complex variety on which a related Weyl group acts. Crucial to the
computation of the spherical functions is to relate explicitly between the spherical func-
tions associated to s and those associated to ws for any Weyl element w. When n = 1,
the space of Whittaker functionals of an unramified principal series representation is one
dimensional. There is then a one dimensional space of spherical Whittaker functions for
a given parameter s (i.e. for a fixed Hecke eigenvalue) and the functional equations are
therefore scalar valued. For general n the space of Whittaker functionals for an unramified

principal series representation of éLgf)(F ) is of dimension Wm. This complicates
the computation of the functional equations. Once a basis of ‘Whittaker functionals for
any parameter s has been fixed, there is a matrix associated to any Weyl element w that
expresses the basis for ws in terms of the basis for s. Such a functional equation is provided
in [17, Lemma 1.3.3]. We present it again in Section 5 below, correcting some minor errors
already pointed out in [1]. It is further pointed out in [ibid.] that in order to justify the
computation of Kazhdan-Patterson one has to choose the metaplectic group defined by a
block compatible 2-cocycle of GL,.(F) as constructed in [2].

The third step is the evaluation of the linear forms on translates of the Iwahori invariant

functions in the Casselman-Shalika basis. This, in our case, is not much more complicated
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than in the n = 1 case and is the content of Lemma 7. This lemma leads in turn to Theo-
rems 1 and 2 (at the ends of Sections 4 and 6, resp.) which give two different expressions
for the spherical Whittaker functions as a sum over the Weyl group.

Once Theorem 2 has been established, it is a simple matter to relate the spherical
Whittaker functions to the local parts of the type A Weyl group multiple Dirichlet series
constructed by Chinta and Gunnells. After a short preparation in Section 8 this is done in
Section 9. Along the way, in Section 7 we show that a basis of spherical Whittaker functions
can be chosen, so that their values at each point of CNJLq(nC) are symmetric functions of the
complex variable s. The Chinta-Gunnells local component is not symmetric. Nevertheless,
the functional equation satisfied by Eisenstein series suggests that such a basis may play a
role in the global theory. Finally in Section 10 we show that the zonal spherical functions
can be computed explicitly in terms of Hall-Littlewood polynomials as in Macdonald’s
formula for GL,. Though zonal spherical functions are not the main object of study in this
paper, we include this short section as a further application of the utility of the Casselman-
Shalika basis computed in Subsection 3.3.

We now provide a brief description of McNamara’s work [21]. McNamara directly com-
putes the spherical Whittaker function as an integral of the spherical vector ¢x in the
principal series representation over the unipotent group U. He decomposes U into cells on
which ¢ is constant. Remarkably, he shows a bijection between this collection of cells and
elements of a canonical crystal basis for the quantized universal enveloping algebra U,(g),
which then allows him to reproduce the Gelfand-Tsetlin description of Brubaker-Bump-
Friedberg [5] for the p-part of a type A Weyl group multiple Dirichlet series. Equating
our formula for the spherical Whittaker function (given in Theorem 2) with his produces
a purely combinatorial identity: a sum over a Weyl group equals a sum over a crystal
basis. It is striking that to date the only means of proving this identity is via the theory
of Whittaker functions on the metaplectic group éLﬁC)(F ). It would be desirable to have
a more direct combinatorial proof of this identity. The insight gained by such a proof may
allow us to generalize the crystal basis description to other root systems.

Finally we remark on prospects for extending our work to a more general setting. The
Kazhdan-Patterson theory of principal series representations and intertwining operators
for the metaplectic cover of GL, plays a key role in our current work. This theory has
recently been extended to metaplectic coverings of reductive groups of general type by
Savin [28], Loke-Savin [19] and McNamara [22]. Using this work we expect to obtain
analogous formulas for spherical Whittaker functions associated to any root system.

Acknowledgments The authors thank Yiannis Sakellaridis and Peter McNamara for
making their preprints available to us. We also thank the referee for helpful suggestions.

2. NOTATION AND PRELIMINARIES

Let F' denote a non archimedean local field, O the ring of integers of F, p the maximal
ideal of O, ¢ the size of the residue field O/p of F' and @ a uniformizer in p. Let |-|, be
the normalized absolute value on F' and let v : F' — Z U {oo} be the valuation on F' such
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that |z|, = ¢~ "®) Denote by F* the multiplicative group of F and for every integer n let
F*'={a2" 2 € F*}.

Fix a nontrivial character v of F' and let dx be the self-dual Haar measure of F' with
respect to ¥. We shall assume throughout that ¢ has conductor O. Thus vol(O) = 1. Fix a
positive integer r and let G = GL,(F'). The Iwasawa decomposition gives G = BK = AUK
where U is the group of upper triangular unipotent matrices in GG, A the group of diagonal
matrices in G, B = AU the standard Borel subgroup of upper triangular matrices in G
and K = GL,.(O) the standard maximal compact subgroup of G. We denote by vy the
character of U defined by

wU(U’) = w(ul,Q + -+ U/rfl,r)7 u = ('U/@J) e U.

Denote by 20 the group of permutation matrices in G' and identify it with the Weyl group
of G. We will also identify 20 with the group of permutations of {1,... 7} via

w = (8,w(j))-
Let
S ={(4,7):1<4,5<r, i#j}
be the root system associated with G. It is a root system of type A,_; with Weyl group
20. The action of 20 on @ is given by w(i,j) = (w(i), w(j)). Let

A={(,i+1):i=1,...,r—1}

be the set of simple roots with respect to B. We will sometimes find it convenient to think
of the roots as embedded in an r-dimensional lattice A which we identify with Z". Under
this embedding the simple root (i, j) corresponds to the vector e; — e; € A, where the ¢;
are the standard basis vectors in A. The action of 20 on A via permutation matrices is
compatible with this embedding and the action of 20 on ®.

If i < j the root o = (i, ) is positive and we write o > 0. Otherwise we write a < 0. Let

O (w) ={a>0:w'a <0}

and let {(w) = |®~(w)| be the length of the permutation w. If w, denotes the simple
reflection associated to a € A then

Jl(w)+1 ag @ (w)
Hwaw) = {E(w) -1 aed (w).

Denote by wg € 20 the longest Weyl element, i.e. the unique w € 20 that takes all
positive roots to negative roots. For every root a € ® let u, : F' — G be the associated
one parameter subgroup and let U, be its image. If a > 0 then U, is a subgroup of
U. Otherwise U, is a subgroup of the group U of lower triangular unipotent matrices.
For every w € 20 we denote by U, the group generated by U,, a € ® (w). Then, the
imbedding of U,, in U defines a bijection

Uy =~ (UNwUw H\U.
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The Haar measure on U, will be taken according to the isomorphism with F. On U,, (and in
particular on U = U, ) we will use accordingly the product Haar measure. It is normalized
by the requirement that

vol(U, N K) = 1.

2.1. The metaplectic n-fold covers of GL,. Fix a positive integer n and let
pn(k) ={z €k:a2" =1}

be the group of nth roots of unity in a field k. Assume from now on that F is such that
lpn(F)| =nandlet (,)=(, )pn: F* X F* — p,(F) be the nth order Hilbert symbol.
It is a bilinear form on F* that defines a nondegenerate bilinear form on F*/F*" and
satisfies

(I’, —IE) = (-T,y)<y,x) = 17 T,y € F*.
In particular (z,—1) = (x,z) € {£1} is a sign which is also an nth root of unity (and
therefore always equals 1 if n is odd). We denote by ¢ = g, r the sign determined by
0= (w,w) = (w, —1).
Associated to every 2-cocycle 0 : G X G — p,(F) there is a central extension G of G by
i (F) satisfying an exact sequence
1 — o (F) G256 —1.
We call G a metaplectic n-fold cover of G. As a set, we can realize G as

G =G xpu(F)={(g,0) : g € G,{ € p(F)}.
The embedding ¢ and the projection p are given by

1(¢) = (e, ¢) and p({g,¢)) = g

where e denotes the identity element of G. The multiplication is defined in terms of ¢ as
follows,

(91, C1) (92, C2) = (9192, (1G2 (g1, G2)) -
For any subset X C G let . .
X=p'(X)CG.
We also fix the section s : G — G of p given by s(g) = (g, 1). Then for g1, g» € G we have
s(g1)s(g2) = (9192, (g1, g2)) -

For 2-cocycles in the same cohomology class the associated metaplectic coverings are
isomorphic. Kazhdan and Patterson provided in [17] 2-cocycles o(© parameterized by
¢ € Z/nZ that exhaust all cohomology classes (but do not necessarily all lie in different
cohomology classes). They are related by

(2.1) 9(g1,92) = 7V (g1, g2)(det g1, det g2)°, g1, g2 € G.

We take 0(® = 5 to be the block compatible 2-cocycle on G constructed in [2] and let

0@ = 9 be related to o' by (2.1). It is the unique family of 2-cocycles that satisfies
the three properties (2.2), (2.3) and (2.4) below.



A METAPLECTIC CASSELMAN-SHALIKA FORMULA FOR GL. 7

Ifr=r+---+ryand g, g, € GL,,(F) for i =1,... k then

(22) 01("C)<diag<gl7 s 7gk)v dlag(.giv s 792))
[H 0,7 (9i, 9; ] [H(det gi,det ¢5)* (det g5, det g})°
i<j
The 2-cocycle o—§0) is the trivial one, i.e.

(2.3) o\ (z,y) = (z,9)", z, y € F*.

The 2-cocycle 050) is the one explicitly described by Kubota. That is,

© ~(x(9192)  x(9192) .
(2.4) o (gng0) = (M99 MDY e, ot g)

o ={ g 20 o= (0 7)

Throughout the paper we fix the positive integers r and n and the modulus class ¢ €

where

Z/nZ and let 0 = o'?. Note that the restriction of o to A is given by
(25) U(CL, CLI) = [H(ai7 CL;)] ) H(ai7 a;)c
i<j ij

for a = diag(ay, ..., a,) and o’ = diag(al,...,al).

»r

The group U sphts in G. In fact S|y is an imbedding of U in G. Furthermore, we have
(2.6) o(u1g1uz, g2us) = o(g1, u2g2), g1, g2 € G, 1, us, uz € U.
Note that this implies that for every u € U and b € B we have
(2.7) bs(u) b~ =s(p(b) u p(b)™")

and in particular that s(U) is normal in B.
We fix the decomposition

n = ning where ny = ged(n, 2re+r — 1)
that plays a role in the structure of (the center of) G. Let
7 ={ze:z¥ "t ¢ PF)

Then Z is the center of G (and of B) [17, Proposition 0.1.1]. We make the following simple
observation.

Lemma 1. We have
Z ={ze:x € F*™}.
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Proof. We need to show that F*" = {x € F* . g%l ¢ "} If z is an noth

power then, since n; divides 2rc 4+ r — 1, it is clear that z?"*"~! is an nth power. If
2rc+r—1

2?7t = 9 for some y € F* then = ™y~ "2 is an nith root of unity. Since F' contains
2rc+r—1

a primitive nth root of unity, there exists ¢ € F* such that x ™ = ({y)"*. Note that

ged(ng, 2’“%;’1) = 1 and therefore z is also an nyoth power. O

For the rest of this work we assume that |n|, = 1. Under this assumption we have
(28) (u17u2) =1, u, us € 0*.

The group K also splits in G. There is a map & : K — p,(F) such that g — x*(g) =
(g9,k(g)) is a group homomorphism from K to G. We denote its image by K*. The
splitting x* is not unique, but its germ at the identity is. We shall fix x such that x* is
what Kazhdan-Patterson refer to as the canonical lift of K to G. It is characterized by the
property that

_ * _ k _ *
(29) S|Ar‘|K - /{IAQK, S|Qﬁ - "{:‘Qﬂ and SlUﬂK - /{lUmK

[17, Proposition 0.1.3]. The topology of G as a locally compact group is determined by
this embedding. For every subgroup K, of K denote by

Kg =kK" (K())
its image in K*. Note that the Iwasawa decomposition of G gives G = s(U)AK*.

2.2. Spherical Whittaker functions. Let € : p,(F) — 1,(C) be an isomorphism, fixed
once and for all.

Definition 1. Let Q be a subgroup of G. A function f : Q — C is called e-genuine if
F((6) 9) = €(€)f(9), 9 € Q. € € pa(F).
Consider the e-genuine spherical Hecke algebra
HY(G, K*) = {f : G — C : supp(f) is compact and
F((Q)krgka) = €(C) f(9), k1, ko € K*, g € G, € € pn(F)}.
The Hecke algebra ’Hf(@, K*) acts on the space C°¢(G/K*) of right K*invariant, e-

genuine functions on G by the convolution

(2.10) £ b(z) = /G £((9))6(s(9) ") dg

where f € H(G,K*), ¢ € C>¢(G/K*)and z € G. Note that the function g f(9)olg'2)
on G is t(p,(F))-invariant and that the integration is over G ~ ¢(u,(F))\G.

Definition 2. An e-genuine spherical Whittaker function on G is an element W € C°<(G /K*)
so that )
W(s(u)g) = vYu(u)W(g), ue U, ge G

and W is a common eigenfunction of H¢(G, K*).
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The spherical Whittaker functions on G are the main objects of study of this work.
Our main tool is the Casselman-Shalika method that is based on the theory of unramified
principal series representations and that we now recall.

3. THE UNRAMIFIED PRINCIPAL SERIES OF G

The unramified principal series representations of G were introduced in [17, §1.1]. We
recall the construction of Kazhdan and Patterson. Consider the subgroups A" C A, C A
defined by

A" = {a = diag(a,...,a,) € A:a; € F*"}
and
A, = A Z where A, = {a = diag(a,...,a,) € A:v(a;) =0(n)}.
The group A, is what Kazhdan-Patterson called the standard maximal abelian subgroup
of A (denoted by H, in [loc. cit.]). It is normalized by s(20). In fact we have
o(m,m') =1, m, m" € s(2W)A..

This follows from the characterization of the block compatible 2-cocycle given in [1, (1.2),
(1.4), (1.5)] and the fact that o is trivial on A, x A, (that follows from (2.8) and (2.5)).
This implies that

(3.1) s(w)s(a)s(w) ™" = s(waw™), w € W, a € A,.
For s = (s1,...,5,) € C" we denote by x, the (non-genuine) character of B defined by

(3.2) xs((diag(ay, ..., a.)u, ) = _H |a;

“la; € F* ueU, ¢ € u,(F).

Any character of a subgroup A’ of A will automatically be considered as a character of
A’s(U) which is trivial on s(U). Set B, = A.U.

Let w be an e-genuine character of AnZ and let ' be a character of fl* that extends w.
Define the principal series representation associated to w by

I(w') = ind§ ().

This is the representation of G by right translations (R(g)p)(z) = ¢(xg), g, « € G on the
space of functions ¢ : G — C that are right K§-invariant for some open subgroup Ky of K
and which satisfy

r—1r-3 1—r

5 Ty g ).

Although the realization of the representation I (w’) does depend on w’ its equivalence class
is only dependent on w. The character w of A"Z is called unramified if a — w(s(a™)) is an
unramified character of A, i.e. if w is trivial on A»NK*. It is called normalized if in addition
Wi znK+ 18 trivial. The representation I(w’) is then called a normalized, unramified, principal

0(bg) = (x,w")(b)p(g), b € B., g € G where p= (

series representation. Every e-genuine, unramified character w of A»Z can be twisted to a
normalized one, i.e. there is a quasicharacter y of F'* such that w(yodet op) is a normalized
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unramified character of A»Z [17, Lemma 1.1.1]. It follows that if w is unramified then the
associated principal series representation I(w’) can be twisted to a normalized unramified
one. If w is an e-genuine, normalized unramified character of A"Z then there exists a

unique extension w’ of w to A, such that w"A g = 1 [17, p. 60]. This is referred to as the

canonical extension. The K*-invariant subspace I(w')%" of I(w’) is then one dimensional
[17, Lemma 1.1.3]. Let o = ¢x(w’) € I(w)X" be normalized by ¢k (s(e) : ') = 1. The
normalized spherical section is also given by

(x,w')(b) g=0bk, b€ B, ke K*

3.1. Parameterization. Let w be an e-genuine, normalized unramified character of A»Z
and let s = (s1,...,s,) € C" be such that

(3.3) w(s(a)) = [ lal”, a = diag(as,. .., a,) € A"
i=1

Note that the entries s; of s are only determined by w modulo 2;@ Z. It s € C" satisfies

(3.3) we say that s is an ezponent of w.

Lemma 2. Let w be an e-genuine, normalized unramified character of AnZ and let s =
(s1,...,8:) € C" be an exponent of w. Then there exists a unique ¢ € fia,, (C) satisfying

(3.4) = 6(9)5(27“0—&-7"—1)@
such that
(3:5) w(s(we)) = (g ),

Every pair (s,C) with s € C" and ¢ € 2., (C) satisfying (3.4) determines uniquely an
e-genuine, normalized unramified character ws ¢ of A"Z satisfying (3.3) and (3.5). If (t,n)
is another such pair then ws ¢ = wy, if and only if

31+"'+Sr) (t1+"'+tr)

=nq " :

Proof. 1t folllows from (2.5) and a simple induction that for every x € F* and integer
m > 0 we have

g =g ™, i=1,...,r and (g™

(m—1)m

(3.6) s(xe)™ = 1(o)Fretr— V@ TS g (2 me).
Applying (3.6) to x = @w" and m = n; we get that

S(wn2€)nl — L(Q)%(2T0+r_1)(nlgl)ns(wne)

and therefore -
w(S(wn2e))n1 — E(Q)%(2rc+r—1)1fq—n(sl+...+sr)‘

Thus, ¢ = w(s(w™e)) 21+ +5) indeed satisfies (3.4) and the uniqueness of such ( is
obvious. This proves the first statement of the lemma. Fix a pair (s, () as in the statement
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of the lemma. By Lemma 1 a character wy ¢ as desired, if it exists, is determined by its re-
striction to s(A™) and its value on s(w™e). Therefore the character is uniquely determined
by (s, (). We now show that such a character ws ¢ exists. It follows from Lemma 1 that for

any a € ZA" there exists u € O*™ and k € Z such that p(a) € uw"*A". Assume that

(3.7) U(G1) s(ure) s(w™e)™ s(ar) = 1(C2) s(uze) s(w™e)* s(az) € A™Z

with ¢; € pun(F), ki € Z, u; € O*™ and a; = diag(al,...,al) € A", i = 1,2. To show that
ws¢ can be well-defined we need to show that

(38) (C )Ckl —noki(s1++sr) H |a1|5; _ <k2 —noka(s1+-+sr) H {a2|8J

Applying the projection p to both sides of (3.7) we have
(39) w"2k1u1a1 = w"2k2u2a2.
Comparing valuations of each entry we see that

noky 4+ v(aj) = naky +v(al), j=1,....r

This implies in particular that

(3.10) q—n2k1(81+“~+5r) H |a]l|5j _ q_n2k2(51+"‘+5r) H ‘a?‘sﬂ'
Jj=1 j=

and that

(3.11) ki =k, mod n,.

Without loss of generality we may assume that ko > ky. From (3.9) and (3.11) we see that
uy 'uy € OX™ and

UGG ) = s(@™e)* s(uy tuge)s(a;y tag) = s(@"e)™ M s (u; tugay ag).
Applying (3.6) again it follows that

% 2retr—1)ns w

<1C2 =
On the other hand
Ckg—kl _ €<Q)§(2rc+r—1)w k2n1k1 _ E(Q)%(2rc+r_1)n2 (n171)ék27k1> ‘
Note that
(ks — ky — 1) (ks — k1) (1 — 1) (ks — k1) hahy (h=hy )
’n/2 = ng + nnl
2 2 2
and since 0" = 1 we get that
(3.12) ¢ = (GG ).

From (3.10) and (3.12) we get (3.8) and the existence of w; ¢. The last equivalence condition
of the lemma is now straightforward from the requirements (3.3) and (3.5) . O
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For the rest of this section we fix s € C" and ¢ € poy,, (C) satisfying (3.4), set w = wq ¢
and let &’ be its canonical extension to A..

3.2. Intertwining operators. For w € 20 let ww be the character of A"Z defined by

(ww)(a) = w(s(w) as(w))
and similarly, denote by ww' the canonical extension of ww to A,. An important role in
the study of the principal series representations is played by the intertwining operators
Ty : I(w') — I(ww'). They were studied in [17, §1.2] and we now recall some of their
properties. If s satisfies

(3.13) Res; > Res;y1 for all i such that (3,5 +1) € ® (w™)
then Ty, is defined for ¢ € I(w’) by the absolutely convergent integral
(3.14) Twp(9) :/ o(s(wou)g) du.

For general s the value of this integral can be regularized as follows. Using the decom-
position G' = BK*, the character x, of B (see (3.2)) can be extended uniquely to a right
K*-invariant functlon on G, that we denote by . For ¢ € I(w') we define the holomorphic
section ¢; € I(Xt|]§*wl) by o1 =Xt @, t = (t1,...,t.) € C". Let

Liz)=1—-¢*) ' zeC
be the local zeta function of F' and for o = (7, 5) € ® let L,(s) = L(s; — s;). The function

t— H Lo(n(t+ S))fl Twpr

acd— (w1

defined for all ¢ such that s + ¢ satisfies (3.13) is in fact a polynomial in ¢*'*, ..., ¢*. For
s such that J],cq- (1) Lo (ns)™t # 0 this allows us to define T,,¢ by

(3.15) Tpp = H Lo (ns) [T Zot+s)™ ) T
a€d— (w—1) ac®~ (wt) [t=0.

It gives the regularization of the integral (3.14) and we symbolically denote it by

Tosls) = | " o(s(wou)g) du.

We call s or w regular if for all w € 2\ {e} we have w # ww, i.e. if for all i # j we have
2w/ —
5i—5; & :

nlogq
Thus, for every regular w and every w € 20, T, is defined on I(w’) by (3.15). For the
normalized K*-invariant element we have

(3.16) Tuwpr (W) = cu(s) px (ww')
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where
L(n(s; — s;))
Il e

Cu(s) =

(i,5)€@~ (w™1)

For every wy, wy € 20 we have the following equality of intertwining operators from 7 (w’)
to I(wjwyw’)

Cuy (w28)0w2 (8)

3.17 Ty Ty =
(3.17) 1T, o 05)

Twyws-

Recall further that
Cuy (U}?S)sz (S>
Cwiwa (5)

(3.18) = 1 whenever {(wywq) = (wq) + {(w,).

3.3. The Iwahori invariant subspace. Let Z denote the Iwahori subgroup of K com-
patible with B. It is the group of all matrices in K with upper triangular projection to
GL,.(O/p). The Casselman-Shalika method is based on an explicit expansion of pk in terms
of a carefully chosen basis, convenient for computations, of the Iwahori invariant subspace
I(W)E of I(w'). Next, we select the basis adopting the approach of Y. Sakellaridis (cf.
[26]). As it turns out, this generalizes the basis used in [9, 10] (see Remark 1 below).

For every a € A let ¢, : A — p,,(F) be the homomorphism defined by

(G (D) = aba™'b7t, b € A.
Since A, is a maximal abelian subgroup of A it follows that ¢, is trivial on A, if and only

if a € A,. Note that (, is trivial on ZAr for all a € A. Since A, = ZA”(A N K*) we get
that (, is trivial on AN K* if and only if a € A,.

Lemma 3. For every ¢ € I(w')T" the support of ¢ is contained in B,K*.

Proof. The group G has a disjoint decomposition

(3.19) G= U U B.as(w)I*
acAN\AWEW

and therefore ¢ € I(w') is determined by its values ¢(as(w)) for w € 20 and a € A. The
decomposition (3.19) gives in particular

B.K* = U_B,s(w)T".
weW

Fix a € A and let ag € AN K C Z. It follows from (2.9) that x*(ag) = s(ag). Therefore,
on the one hand we have
plas(w)s(ao)) = plas(w)),
and on the other hand by (3.1) we have
as(w)s(ag) = as(waow)s(w) = (¢ (s(wagw™)))s(wagw ™ )as(w).
Consequently
p(as(w)s(an)) = €(Ca(wagw™))p(as(w)).
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It follows that if p(as(w)) # 0 for some w € 2T then (, is trivial on A, N K* and therefore
that a € A,. The lemma follows. O

It is easy to verify that for every w € 20 there exists a unique element ¢, = ¢, (') €
I(w)* that is supported on B,s(w)Z* and such that ¢, (s(w)) = 1. It follows from Lemma
3 that the set

B = {pw : w € W}

PK = Zgow

we20
This expansion of g is, however, not very useful for our purpose. We will soon see that
the set

is a basis of I(w')?" and we have

By = {T 0w, (w ') : w € W}
is a basis of I(w')*"; this is in fact the basis we are after. In order to see that B, is indeed a
basis we will show that the transition matrix that expresses the set 8B, in terms of the basis
B, is upper uni-triangular and in particular invertible. For this purpose we need to recall
an elementary property of products of Bruhat cells in G. For w € 20 let C(w) = BwB.

Lemma 4. For every wy, wy € W we have

(3.20) C(wy1)C(wg) C ( U C’(w)) U C(wywy).

L(w)<l(wr)+L(w2)

Proof. If ¢(w;) = 1 then C(w;)C(wy) € C(wywy) U C(ws) by the Tits system formalism
(see for example [16, §28.3]) and in particular (3.20) holds. The lemma follows by a simple
induction on ¢(wy). O

Lemma 5. The set By is a basis of [(w')*".
Proof. We will show that

(3.21) TowoPuwo —Pw € D  C .

L(w")>L(w)
This puts B, in upper uni-triangular relation with 8, and therefore B, is indeed a basis.
By Lemma 3, for every ¢ € I(w')*" we have

o= os(w))puw
weW
Using the change of variables w — wwy, to get (3.21) it is therefore enough to show two
things:
(1) T, (s(wwp)) = 1, and
(2) if w' € W\ {wwp} is such that Toypy, (s(w’)) # 0 then £(w') > (wwy).
We first show the second statement. Recall that

~——

supp(@u,) = B*s(wo)f* C C(wyp).
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If s(w™u)s(w’) lies in C(wy) for some u € U, then in particular w™luw’ € C(wy), i.e.
C(w™)C(w') contains the open cell C'(wp). It follows from Lemma 4 that either w' = wwy
or L(wy) < l(w) + L(w'), i.e. L(w') > L(wy) — l(w) = l(wwy). In the region of convergence
of the integral (3.14) it follows that if Ti,¢y, (s(w)) # 0 then either w’ = ww, or {(w') >
¢(wwyp) and by meromorphic continuation the same holds in general. It is left to show that
Towouw, (s(wwy)) = 1. Again, using meromorphic continuation it is enough to show this in
the region of convergence. Note that if u € U, is such that w™luww, € BwyZ then there
exists b € B and uy € U N T such that w™'wwwy = bwyug and since w™'U,w C U we get
that b = (w™uw)(wo(ug) wy') € BNU = {e}. In particular u € U, N K. This implies
that

(3.22) TP (s(wwy)) —/ gpwo(s(w_lu)s(wwo)) du.
UwnK
But if u € U, N K and w; = wwy then

1

s(w™tu)s(wwy) = s(wp)s(w;) ™

s(u)s(wy) = s(wp)s(wi tuw,) € s(wy)T*.

Here the first equality follows from (2.9) and the second holds since in addition w; uw; C
U N K. Therefore by (2.6)

o(wy tu, wy) = o(wy fuwywy !t w) = o(w ™t w) = 1.

This implies that the integral in (3.22) is over the constant function 1. From our normal-
ization of measures we indeed have

Topun(s(w)) = 1.
This shows (3.21) and completes the proof of the lemma. O

As an almost straightforward consequence we now have

Lemma 6. The expansion of @k in terms of the basis Bo is given by

Cup (W1S) 3
o) =3 gy Topun (W)
wey W

Proof. By Lemma 5 there are constants a,(s) such that
(3.23) o= () TuPuy-
weW

It follows from the property (3.21) and the proof of Lemma 5 that Ti,¢,,(e) equals 1 if
w = wp and 0 otherwise. Therefore evaluating (3.23) at e we get that

(3.24) Qo ($) = 1.
Now apply an intertwining operator T, to (3.23). On the one hand
=1, ./, 7

T pr (W) = cwr(8)on (W) = cur(s) D auw(w's)Tpu (W™ w'e).
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On the other hand by (3.17) we get that

Tuone(f) = 32 tuls) TuTum (07'sf) = ur(s) 32 20 0,(6) T 70

weW weW

)1 (W W's) _
=cu(s) ) Co(wTw's) () -1(8) Twpup (W™ ')
we

S

Now comparing the coefficient for w = wy for the two expansions of T,/ (w') and taking
(3.24) into consideration we obtain that

Clar) 1o (WG " W'S)
I

Oz(w/)AwO (S) = 1,

Cup (Wo W)

%j:)). The lemma follows. O

i.e. that au,(s) =

Remark 1. The proof of Lemma 5 together with (3.17) and (3.18) also shows that for
w, w' € AW we have

1 w'w=wy
0 otherwise.

Tw’TwQOwo (6) - {

In particular, in the case n = 1, 85 is the basis used by Casselman and Shalika reordered.

As we shall see, this basis proves useful for computation of the Whittaker spherical
functions. In Section 10 we further demonstrate the utility of the above expansion of ¢
by computing the zonal spherical functions for G.

4. SPHERICAL WHITTAKER FUNCTIONS

Whittaker functionals on the principal series representations of G were defined and stud-
ied in [17, §3]. We recall the relevant results, introduce the associated spherical Whittaker
functions and compute them in terms of the Kazhdan-Patterson functional equations.

For the rest of this work fix a root of unity ¢ satisfying (3.4). We often suppress from our
notation the dependence of objects on (y. Let s € C", w = w; ¢, the e-genuine, unramified,
normalized character of A"Z associated to (s,(y) by Lemma 2 and let ' be its canonical
extension to A,. Denote by Wh(w') the space of Whittaker functionals on I(w'), i.e. the
space of all W € I(w')* such that W(R(s(u))p) = Yu(u) W(p), u € U and ¢ € I(w').
From [17, Lemma 1.3.2] we have that

dim¢ Wh(w') = ‘fl*\fl’ =nyn" .

For every a € A Kazhdan and Patterson associated a Whittaker functional W, € Wh(w')
defined by

*

Wale) = Walp o) = / (as(wow) oy (u) ™ du, o € I(W).

U
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As is the case with the intertwining operators, the integral is absolutely convergent when-

ever Res; > --- > Res, and for general s we write f; for the regularized integral that
provides the meromorphic continuation. It is easy to see that
(4.1) Wara(W') = (x,0")(d) W, (W), d € A,, a € A

Furthermore, it follows from [17, Lemma 1.3.1] that for any set of representatives I' for
ANA the set B(T) = {W,(w) : v € T} is a basis for Wh(w'). If T” is another set of
representatives for A,\ A then the basis B(I") is proportional to B(I") and for every w € 20
there is a transition matrix D, (s) = D2 (s) = (7,4 (w, 8))yer~er between the ‘A*\fl‘—

tuples (W, (ww') o Tyy)er and (W, (w'))rer such that
(W ( ) oT, )’YEF = Dw(s)(w’y’(w/>)'y’ef‘"

Note that, as the notation suggests, the matrix coefficient 7. ., (w, s) depends on v and v/
but not on the sets I' and I' in which they lie, the coeflicient 7, . (w, s) is now defined for
any two elements a, o’ € A (even if a # o’ but A,a = A,a).

In Section 5 we provide the Kazhdan-Patterson formula for 7, . (w, s). In this section we
compute the spherical Whittaker functions in terms of D, (s) by the Casselman-Shalika
method. For every a € A define the e-genuine, spherical Whittaker function W, by

Walg) = Wa(g : ') = Wa(R(9)px : '), g € G.

Expanding ¢ according to Lemma 6 we obtain

(42) mmwmﬁzzﬁﬂﬁh%wmwmwwwm@

cw(w™1s)

- Z chwo (w 15; 7( ,) © Tw(R(g)QDw()(w_lW,)))weF

w

= Z CCZD('LU S) Dw(w_ls)(WV’(R(g)(pwo . w_lwl))yer/.

— (w=1s)
Expanding (4.2) further we get that
Cue ( 4y
(4.3) Wa(g) = Z O Z Tary (W0, W YW (R(9) Puy = w0 ).
w v el
Since
(4.4) Wa(s(u)gk) = o (u)Wa(g), u€ U, g € G, k € K*

and G = s(U)AK* it is enough to compute W, on A. Set
A™ = {diag(an, . ;) € A v(ar) = v(az) -+ = v(a,)}.

In the following lemma we compute the term W (R(b)pw, : w') for every a, b € A Asa
consequence we get that W,|; is supported on A~ and that for g € A~ there is a unique
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~' such that the inner summand in (4.3) associated to 4" does not vanish. For b € A set

b* = s(wo)b 's(wy) ! € A.
Lemma 7. Fora,b e A we have

Xop(0) () (a(b*)™Y) b e A~ and A,a = A,b*
0 otherwise.

Wa(R(b)u, : w') = {

Proof. We prove the lemma using the integral definition of W, in the range of convergence.
The lemma follows in the general case by meromorphic continuation. Note that for any
u € U we have as(wou)b € B,s(wy)Z* if and only if as(wg)bs(wy)™! € A, and b~ ub €
UN K. It further follows from (2.7) that bs(U)b~' = s(U). Since B,s(w)Z* is the support
of @, it follows that W,(R(b)@u, : ') = 0 unless a(b*)~! € A,. If this is the case we have

Wal RO ) = [ (asun) () du.
b(UNK)b—1
After a change of variable u — bub™!, we apply (2.7) to obtain
Wa(R(b)pu,) = sz(b)/ Puo(as(wo) bs(u))y(p(b)up(b) ™)~ du
UNK

= X2p(b) Puy(as(wo)b) 1/)U(p(b)up(b)_1)—1 du.

UNnK

The character u — ¥y (p(b)up(b)™!) is trivial on U N K if and only if b € A= Tt now
further follows that W, (R(b)@w,) = 0 unless b € A=. If b € A= and A,a = A,b* then
)

Puo(as(wo) b) = uy (a(b”) ™ - s(wo)) = (0 )(alb?) ™)

since by definition @, (s(wp)) = 1. The lemma follows. O

We conclude this section with

Theorem 1. Fora, b € A we have W,(b:w') =0 unless b € A~ In this case

Cup (W1S) 1
(4.5) Walb: ') = xap(b) S mw (w,w™'s).
we2l
Proof. Apply Lemma 7 to (4.3) and choose I such that b* € I". O

In the following section we review the functional equations of Kazhdan and Patterson
which give a formula for the coefficients 7,4+ (see Proposition 1 below). Then in Sections
6, 7 and 8 we present analogous formulas for different sets of bases of spherical Whittaker
functions.
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5. THE FUNCTIONAL EQUATION

The functional equation for the Whittaker functionals of normalized, unramified prin-
cipal series representations was obtained by Kazhdan and Patterson [17, Lemma 1.3.3].
Minor corrections were pointed out in [1, Proposition 2.3] where they considered the spe-
cial case r = n — 1. In particular, it was pointed out by Banks-Bump-Lieman that to
justify the computation of the functional equation, it is essential to use, as we do, the
block compatible 2-cocycle given by [2]. In this section we present the explicit description
of the functional equations. That is, we provide formulas for the coefficients 7, ,(w, s). The
upshot is that (4.5) becomes an explicit formula for the spherical Whittaker functions.

Recall that A = Z". Introduce the variables

y=(y1,...,y,) where y; = ¢
with the 20-action
WY = (Yu-1(1); - - -+ Yu1(r))-
Set
P =ytys? oy for A= (Ap,. .., N €A

Note that (wy)* = y* *. By abuse of notation, we further set c,(y) = c,(s), w € 20.
Thus,

L—q ()"
ww= 1l =@

w(i)>w(j)
Similarly, for a, b € A and w € 2 we write T,p(w : y) = Tap(w, s). It follows from the
equivariance (4.1) that for every w € 20, a, o’ € A, and b, b’ € A we have
(5.1) Tavary (W 1Y) = X,(a(d) ™) (ww') (@) ' (a') " 1y (w2 y).

For any wq, wy € 20 and any sets of representatives I', IV, I'” for fl*\fl the multiplicativity
(3.17) of the intertwining operators implies the cocycle relation

5.2 DI (5) = Cuyuy (5) DU (w,8) DEY (5).
( ) w1w2( ) Cwl(w28)0w2<8) w1 ( 2 ) w2 ( )
It follows from (5.2) that
Cwiws (y)
(5~3) Ta,b(w1w2 : y) = E Ta, (wl : wgy)T ,b(w2 : y)
Cur (w2y)cw2 (y) WGA \;1 ! K

for any a, b € A. Note that the summands are independent of coset representatives for
v € AN\A. The property (5.3) reduces the computation of the coefficients 7,,(w : y) to
that for w a simple reflection. Define the sublattice Ag of A by

Ao={(A1,.., A\) €EngA: N\ — X1 =0 (modn),i=1,...,r—1}.
For a € A such that p(a) = diag(ay, ..., a,) let
f(a’) = (U<a1)7 s 7U<a'r)) € A.
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Then a € A, if and only if f(a) € Ao. For k € Z/nZ we denote by g¥(k) the Gauss sum
defined by

g’k = Y el(u,@))(—w " u).
ueO* /1+p
For a simple reflection w,, a = (i,i4+1) € A and A = (A,...,\;) € A set

Wo[A] = (A1, Aic, Aipr — LA+ 1 Aiga, o A,

By composition, this defines an action (w, ) — w[A] of 20 on A (the Coxeter relations are

easily verified). We also define w* = diag(ww’, ..., @) € A.

Proposition 1 (Kazhdan-Patterson). Let o = (i,i+ 1) € A and let a, b € A. We have

Tab(Wa 1Y) = Tap(Wa : Y) + 74y (Wa 1)

where Té,b(wa :y) are defined by the following properties:

Téoa,bob(wa : y) - XP(aObal) (waw/>(a0) w,<bo)_1 Té,b(wa : y)? aop, bO S A*? 1= 17 2.

For A\, N € A we have
Tsl(w)‘) S(wy)(wa y) =0 unless A — X € Ag

(wa :y) = 0 unless A — wy[N'] € A,

Az'—/\i-HJ

1 Do 1y Wi Jy)"
To(@) (@) (Wa 1) = (L —q7) == Wi v)”

2
Ts(w@) s(w')

and

Tj(w’\),S(wwaW)(wa : y) = E(Q)AMHI q)\i+l_>\i_2 gw()\i — Xig1 T 1)'

6. A CHANGE OF BASIS

In the previous two sections we gave an explicit formula for a particular basis of the
space of spherical Whittaker functions by using the Casselman-Shalika method. In this
section we translate these formulas into a new basis in order to facilitate the comparison
with the local parts of Weyl group multiple Dirichlet series which is carried out in Section
9.

We identify the polynomial ring C[A] with C[yi!, ..., yF'] and C[Ao] with the corre-
sponding subring. Denote their respective fraction fields by C(A) and C(Ag). We note
that by Proposition 1 and (5.3),

(6.1) Tap(w :y) € C(Ag) for all a, b€ A, w € 20.

Remark 2. In place of the fraction fields C(A) and C(Ag) we could actually work over the
smaller rings obtained by localizing C[A] and C[A] at the multiplicative set generated by
{1 . (ﬁ)n, 1 —qﬂ<%)n i< j}.

Yj Yj

However, this more refined information on the poles of the rational functions which arise
will play no role in the sequel.
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Let = be the dual of the finite group £ := Ag\A. Under the group isomorphism ANA —

Ao\A, a+— f(a) we may consider elements of = as characters of A,\A as well. We also let
= act on C[A] by

(6.2) §(D o) =Y e, €=

This extends naturally to an action of = on C(A). For [ € £ we define
CA), ={feC): & - f=¢€0)f forall € € ).

Then
C(h) = & C(A)
Note further that C(A)y = C(A),
(6.3) fifo € C(A)yy41,, for fr € C(A)y, fo € C(A),
and
(6.4) f(wy) € C(A) -1, for feC(A), we 2.

In Section 4 we gave a basis for the space of spherical Whittaker functions parametrized
by (a set of representatives) for A,\A. In this section we will give a basis parametrized by
elements of the dual group =.

For the remainder of this section we fix a set R of representatives for Ag\A and the
corresponding set I' = {s(w") : pu € R} of representatives for A,\A. Let X(w') =
indg*(x_p(w’ )7!). An element of X(w’) is uniquely determined by its values on T'. Let
o(y) € X(w') be defined by

o(s(w@") 1 y) = ¢""y", for pe R
(The dot product on R" here and henceforth is the standard one.) It follows that

(6.5) dla:y) € C(A)_ja), dla:y)™ € C(A)ja), forac A
Note that £¢(y) € X(w') for £ € E and {¢ gb( ) €€ E} forms a basis for X(w'). Let
(6.6) Welg:y)= Y &la Wa(g, o).
acAN\A

Then {We : £ € =} is a basis of spherical Whittaker functions.
Theorem 2. We have We(b:y) =0 unless b€ A~. Forbe A~

Cw wy _
(67) Wg(b : y) = XQP(b) E . i)l 'LU E f (l y Ty b*( L. wy).
wew Y v) a€AN\A

We can alternatively write this as

Casp (WY _ <
Wf(b:y)zxgp(b)Zﬁzg )4 Y Ty pr (W lzwy), be A™.

1 ("LU
weWW HER
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Proof. The Theorem is obtained by applying Theorem 1 to (6.6) with ¢ = b and changing
the order of summation. 0

6.1. Reinterpretation in terms of a Weyl group action. We reinterpret Theorem 2 in
terms of an action of the Weyl group 20 on the field C(A). The purpose of this is two-fold:
first, the group action will facilitate the construction of a symmetric basis in Section 7,
and second, the action defined here will be related to that defined by Chinta and Gunnells
[12] (see Section 9) in order to show that the spherical Whittaker functions of this paper
arise as the local parts of Weyl group multiple Dirichlet series.

For a, b € A and w € 27 let

(6.8) Tap(w :y) = dla:wy)d(b:y) " rap(w :y).

1
cw(y)
It follows from (5.1) that 7oy ps(w : ) = Fap(w : y), ao, by € A,. Introduce the normalized
matrix 3

Diy(y) = (Fap(W : Y)) 4 peina-
As a consequence of (5.2) we have

(6.9) Doy (y) = Doy, (way) Do, (y),  wr, wy € 2.
It further follows from (6.1), (6.3), (6.4) and (6.5) that
(6.10) Tap(w 1Y) € C(A)j)—w-15(a)-
For A€ R, f € C(A), and w € 20 we define
(6.11) (ffw)(y Z as(@n (W wy) f(wy).
acl

Extend the definition of (f|w) to all f € C(A) by linearity.
Proposition 2. The map (f,w) — f|w defines an action of the group 20 on C(A).

Proof. We need to show that

(flwrws) = (ffwr)|ws
for all wy, we € . Without loss of generality we may assume that f € C(A),. To ease the
notation in the proof, we will write Tyq) 5p) (W : y) = Tap(w : y), a, b € A. Then

(fw1)(y Z T a(wi' s wiy) f(wiy).

WeR

It follows from (6.3), (6.4) and (6.10) that the g/ term in the above sum lies in C(A)_,,.
Therefore, letting wy act on this term and then summing over all i/ gives

((f[wr)|w2)(y Z Z Tu"u 3 wgy)ﬁﬂ,_k(wfl cwiway) | f(wiwsy).

wWeRP'ER
Interchange the order of summation and use (6.9) in the form

Dwglwfl (w1w2y) = bwgl (wgy)bwl—l (w1w2’y)
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to rewrite the equation above as

(flw)w2)(y) = | D Fur-alwy 'wit s wiway) | f(wiwsy).

u'eR

But this is exactly (f|wiws)(y). O
Let & € = be the trivial character. It follows from (6.7) that
Weo (b1 y) = x2p(0) D cupwy) Y ¢(b" : wy)fap- (w™" s wy), be A
wel acAN\A
Taking (6.5) and the definition (6.11) of the group action into account we get that
(6.12) Wepb: 1) = x20(0) 3 cunlwn)ot" s | ul(y), be A~

weW

Recall that a spherical Whittaker function is determined by its values on U\G/K*.
We now determine a complete set of representatives {d, € A @ € A} in such a way
that ¢(d, : y) is a monomial function that we explicate for each p. Given p € A write
—p = v+ nA + knsll., where v € R, A\; € A and 0 < k < ny. Since nA; + knsl,. € Ay, the
A1, v and k are all uniquely determined by . When necessary we think of them as functions
of 41 (dependent of course on our choice of R) and denote Ay = Ay (p), v = v(p), k = k(u).
Define d,, to be the element of A such that

* na \k n v
d, = s(@"e)"s(@"" )s(w").
Following the definitions we have
(6.13) Ody, 1 y) = Ga "y,
Note that §(dy) = woA. Hence, indeed, {dy : A € A} is a set of representatives for U\G/K*

and dy € A= ifand only if A € A= ={(A1,...,\) € A A < Xy <--- <\ }. Henceforth,
for p € A and w € 20 we denote (f|w)(y) by (y*| w) when f(y) = y*. (In Section 9 we also
use a similar convention with respect to another action of 20 without further mention.)

Corollary 1. Let iy € A=. Then

Weo(du 2 ) = G 0" > cuy(wy) (| w).
weWW

In particular, [We, (g : )| w]|(y) = We, (9 : y) for allw € W and g € G.
Proof. Note that x2,(d,) = ¢***. The Corollary follows from (6.12) and (6.13). O

For every u € A we have u = v(—p) + nX\i(—p) + k(—p)nsl,. There exists therefore
m(u) € {0,1} such that

s(wh) = L(g)m(“) s(w”Qe)k(_“) s(w”’\l(_“)) s(w”(_“) ).
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(In fact, m(u) can be computed explicitly using (2.5) and (3.6).) For later use we observe
that

(6.14) d(s(wh) 1 y) = (o)W ETH gpiy .
7. A SYMMETRIC BASIS OF WHITTAKER FUNCTIONS

The purpose of this section is to construct a basis of spherical Whittaker functions so
that, as in the n = 1 case, their values on G are symmetric rational functions in the
complex parameter . In light of the functional equation satisfied by Eisenstein series (e.g.
[23, Theorem IV.1.10]), such a basis should be of interest for the global theory.

Let f +— f for f € C(A) denote complex conjugation (i.e. Z is the complex conjugate of
z€Cand g =v;,i=1,...,7). We further denote by X* = *X the conjugate-transpose
of any matrix X with entries in C(A). Finally, we set

g = (41,--,9-) where g; = W

We continue to let

Welg:y) =) dla:y) Walg.w)
acl’
be the spherical Whittaker function associated to the trivial character &j, as defined in the

previous section. For g € G let v,(y) be the column vector

vg(y) = (9(b: y)Wi(9 : Y))per
and let V,, be the spherical Whittaker function whose value at ¢’ € G is given by
Vo(g' 1 y) = v4(9)" - vg ().
Clearly V,,(g : ) € C(A) for every go, g € G. Since {¢(a : y)Wa(- : y) : a € I'}
forms a basis of spherical Whittaker functions, there is a subset I = {g, : a« € '} C G
of |I'| elements such that {v, : a € I'} are linearly independent over C(A). The set

{V,.(- 1 y) : a € T'} is then a basis of spherical Whittaker functions. The next theorem
asserts that this basis consists of symmetric functions in y.

Theorem 3. For every gy, g € G and w € 20 we have
Voo (g 1 wy) = Vg, (g : ).

The rest of this section is dedicated to the proof of Theorem 3. It requires a certain
symmetry satisfied by the matrix D, (y) that we pursue first.

The following proposition is merely rewriting Proposition 1 in terms of the normalized
coefficients taking (6.14) into consideration.

Proposition 3. Let a = (i,i+ 1) € A and let a, b € A. We have
Tap(Wa 1Y) = ~c},b<wa Ly) + 7:3,b(wa 1Y)
where %Cf’b(wa :y), i = 1,2 are characterized by the following properties:

(7.1) Tooabe(Wa 1Y) = Tay(wa 1Y), ao, by € A, i=1,2
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For A\, N € A we have

7.2 7o wi(Wa 1Y) =0 unless A — N € Ay
s(@?),s(@w’)
7.3 72 vy (We 1Y) = 0 unless X — wa[N'] € Ay,
s(w@?),s(@w’)
Ai—Aig1
- 1—q " (i /y)" Ai—Xg
7.4 Tslw s(wM)\Wa 2 Y) = (yl/yl 1) ' H—l?
T e ) = T T ey
and

(7.5) %52(13)\)75(13’“’&[)\])(11}04 X))

-1
— m(waN)=mN)+Aidit1 F(—waA)=k(=A) o q Yi+1
(o) 0 ( +1+1) o @)

As a consequence of Proposition 3 we deduce the following symmetries of D, (y).

Lemma 8. For any simple root o = (1,1 + 1) € A we have

(7.6) D (§) = Du ()"
and
(7.7) Du, (y)* = Du, (y)-

Proof. Tt follows from Proposition 3 that all entries of D, (y) are rational functions in
Y;/Yi+1 independent of y; for j # i, i+ 1. If ' = (v},...,y.) =wayand ¥’ = (yf,...,y) =
g then yi/y.., = y//y’,, and therefore D, () = D, (w.y). But by (6.9) we have
Dy, (Way) = Dy, (y)~" and (7.6) follows. To show (7.7), by (7.1), (7.2) and (7.3) it is
enough to show for A € A that

(7.8) Ta@ (e (Wa ) = T s(@h) (Wa : 9)
and

(79) %j(wwa[)\]%s(w)\)(wa : y) =T

The equality (7.8) is straightforward from (7.4). From (7.5) we get that

s2(w)\),s(wwa[>\]) (wOé : y) .

(T.10) 72y s (W £ ¥)

0 g * yz’+1‘
Cwa(y) Y

Recall that e(p) = e(g) € {#1} and ¢;' = {y € pian, (C). Furthermore, for k # 0 mod n,
the Gauss sum satisfies g¥(k) g¥(—k) = qe(0)* and ’gw(k‘)’ = ¢2 and therefore, for every

k € 7Z we have
g’ (k) = e(0)* g¥(—k).

Thus, €(0)*+1 21 g¥(N\jy1 — Ay — 1) = g¥ (N — A1 + 1) and (7.9) follows from (7.10). The
rest of the lemma readily follows. O

— (@)m(k)—m(wa[A])+(M+1—1)(Ai+1) (@)k(—k)—k(—waw) g% (Nig1 — N —
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Corollary 2. For every w € 20 we have

Dy (9)* = Du(y)™".
Proof. If {(w) = 1 the identity follows from the two identities of Lemma 8. For general w
note that w§ = wy. Applying (6.9) the corollary therefore follows by induction on ¢(w). O

Proof of Theorem 3. To start let g € A. By virtue of the fact that
(7.11) We,(g:y) =Y o(b:y) Wi(g,w')
bel’

is invariant under the action |w for w € 20 (Corollary 1), (4.5), (6.1), (6.5) and the
definition of the action |w we get that

(7.12) Weo(g:y) =)D Faplw™ : wy)o(b: wy)Wy(g : wy).
bel' acl’
Equate the terms on the righthand sides of (7.11) and (7.12) which lie in C(A)_, to conclude
that
(7.13) (b(s(wA) Y Weon (g 1 y) = Z%S(wx)’b(w’l cwy)o(b : wy)Wi(g : wy)
beT

for all A € R. In matrix notation this is saying precisely that
Vg (y) = D1 (wy)v,(wy) or equivalently, v,(wy) = Dy-1(wy) v, (y).

This was all assuming that g € A, but by (4.4), this identity holds for all g € G. Therefore,
by Corollary 2 we have

Voo (g 1 wy) = vy, (07)" v4(wy)
= o (§)" (D1 (@)*) ™" Dy (wy) ™" vy (y)
= U3y (§)" D1 (wy) Dyy1 (wy) ™ v(y)
= Vao(9:9)
and the theorem follows. O

8. PREPARATION FOR COMPARISON

The purpose of this section is to give a more explicit description of the terms (y*|w)
which appear in Corollary 1. This description will be used in the following section to prove
Theorem 4 which gives the precise relationship between the spherical Whittaker functions
and the local parts of the type A Weyl group multiple Dirichlet series defined in [12].

Assume in this section and the next that —1 is an nth root of unity in F' or equivalently
that ¢ = 1. Note that in this case the property (3.4) simply says that (y is an n;th root of
unity and in particular an nth root of unity. It follows from Lemma 2 that the variables
y; are only determined by w up to an nth root of unity and therefore that every e-genuine,
normalized unramified character of A»Z is of the form ws for some s € C". We may and
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do therefore assume, through this and the next section, that (; = 1. Under our assumption
that o = 1 we also have

s(@M)s(@V) = s(@™), A\, N € A

Thus, d; = s(ww ™) for all A € A. It further follows from (6.14) that ¢(s(w?) : y) = ¢#* y =
for every A € A.
For w € 20 define

(8.1) Tu(A 1 y) = ¢ cug(wy) ("] w).
By Corollary 1 we have
Weo(dr:y) =Y Tu(X:y).
we

Expanding (8.1) and applying (6.13) we have,

-1

To(X 1 y) = ¢ g (wy) (Wy)* Y Ty s (W™ wy).

HER
Note that
T.(A:y) = ¢ cu(y) v

and for a simple reflection w, with av = (¢,7 + 1), Proposition 3 implies

Twa(A : y) = qp'A Cuwyo (way) ywa)\ X 7~_sl(wfk)7s(w*%)(woz . way) + 7— (wwa )7S(w7>\)(wa . way)
Y RLWJ—(M )
p-A Cwo (way) ywa/\ (1 _ q—l) (y¢+1) B
Cun (WaY) = (E=)

=q +

Note that

and recall that

Lo G e Lo G

_ T Y1l — _ Yi+1
Cwa(y> - 1 . (#)n " 1 . (y;tl)

We introduce the notation (k), = k — n| %] for every k € Z. Thus 0 < (k), < n. In the
following proposition we record the last expression we obtained for T, (A : y) using this
notation.
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Proposition 4. For a simple reflection w, with o = (i,i + 1) we have

Two(A:y) = qp)\ Cuy (way) (y)\|wa)

v\ N
__qp-)\ (yi+1) Cuy (Y) w [(1—(]1)( n ) (Nit1 =)

oA
= nY
1—q! (L) Yi+1

Yit+1

1-n n
_qlgw<)\i_>\i+1_1>(yz > (1_(% > )]
Yi+1 Yi+1

9. THE p-PART OF A WEYL GROUP MULTIPLE DIRICHLET SERIES

In this section we review the Chinta-Gunnells [12] construction of the local part of a Weyl
group multiple Dirichlet series associated to the root system A,_;. We continue to assume
that —1 is an nth root of unity. We begin by defining a group action of the Weyl group
20 on the field of rational functions. We denote this action by | in order to distinguish it
from the action introduced in (6.11) above and the action of [12] introduced below. For
A€ R, feC(A)y and w, the simple reflection associated to a = (4,7 + 1), we define

_ flway) 3 .\ e
=y [ )

Yi+1

1-n n
—q_lgw()\i —Aip1 — 1) ( Y ) (1 - ( Y ) >] .
Yi+1 Yi+1

Having defined f|w, for f € C(A),, we extend the definition to C(A) by linearity. These
definitions extend to give an action of the entire Weyl group 20 on C(A), see [12, Theorem
3.2]. Actually, some changes of variable are necessary to relate the action defined here to
that of [12]. In order to precisely describe the relation between the two actions, we denote
the action of [12] with twisting parameter ¢ = (lo,...,l,) by |¢wamp. The action of [12] is
actually only defined on the localization of the ring Clxq,...,2,_1] at the multiplicative
set generated by the polynomials 1 — 27,1 —¢*a? for i = 1,...,7 — 1, but is easily seen to
extend to the field C(xy,...,z,_1). (We make the change of variables x; — ¢ 'z; in order
to eliminate some extraneous powers of ¢q.) Let F' € C(xy,...,x,_1) be a rational function.
Define f € C(A) by f(v1,...,y,) = F(£,...,%21). Then, letting A = (0,15, lo+13,...,lo+

y2 ' Yr
..._|_lr)’

(92) (Flawsrow) (20 528 =20 ) o)

Y2 Yr
To verify (9.2), it suffices to do so for w a simple reflection acting on monomials. This
follows from a direct comparison of (9.1) with Eq. (3.14) of [12]. To make the comparison,
recall that we have made the substitutions x; — x;/q. Further, the Gauss sum we use here
is the conjugate of that used in [12]. Then, using the equation (a + 1),, = (a), + 1 for a

(9.1)
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not congruent to —1 mod n and arguing separately in the two cases d;(a) — 2k; +1; + 1 is
zero or nonzero mod n (notation being of [ibid.]), we easily arrive at (9.2).

Let us write ¢? (y) = [Lic; (1 — (;’—J)n> and for w in the Weyl group 20, define j(w,y) =
) (y) /e (wy). Tt is proved in Section 3 of [12] that

N(y; 0) =y ey (y) Y d(w, 9) (1 w)
we
is a polynomial in the y; /y;11. These polynomials are used in [12] to construct Weyl group
multiple Dirichlet series.
We now turn to the main result of this section — the comparison of N(y;¢) with the
Whittaker function W, (dy : y).

Theorem 4. Let A = (0,13, lo+13,...,lo+---+1.) and = (ls, ..., l,) with l; non-negative
integers. We have
YN (y; 0) = ¢ "Wy (da = y).

Proof. By Theorem 2 we need to prove that

Y cw®i(w ) w) = Y cu(wy) (i w).

we20 we20
We will show that the sums match up term by term, that is, that

. by . Cuyg (wy> A w
(9.3) jw,y)(y*|w) = W) (" |w)

for all w in the Weyl group. Since both f — j(w,y)(f|w)(y) and f — Cug () wy (f]w)( )

give actions of 20 on C(A), it suffices to verify (9.3) for all simple reflections w(; Note that
J(we,y) = —(yiﬁl)” and therefore this follows easily by comparing Proposition 4 to the
definition (9.1).

This completes the proof of the theorem. O

Remark 3. In the course of proving (9.3), we have in fact shown

. _ Cury (WY) w
) (o) = 20 )

for all f € C(A) and all w € 20, because both actions are extended from monomials to
C(A) in the same manner.

10. ZONAL SPHERICAL FUNCTIONS OF (3

Let Coo’e(KN*\G/K*) be the space of e-genuine bi K*-invariant functions on G. The
action of H*(G, K*) on C°(G/K™) given by (2.10) restricts to an action on the subspace
C (K \G/K™).

Definition 3. A function Q € C°¢(K*\G /K*) is an e-genuine, zonal spherical function
on G if it is a common eigenfunction of H*(G, K*).
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Recall from (3.2) that s, is the modulus function of B. We wish to relate between two

different ways to express a G-invariant linear form on the space of functions f : G — C
that satisfy

(10.1) f(bg) = x2,(b)f(g), b€ B, g € G.

Of course the space of such linear forms is one dimensional. Since B\G ~ B\G we can use
the well known formula for G (cf. [18]) to obtain that

_ T L)
[ - f(k) dk = W/Uf(S(wou)) du

is G-invariant.

For s € C" and ¢ € pay, (C) satisfying (3.4) let w = ws¢ be the e-genuine, unramified,
normalized character of A"Z associated to (s,¢) by Lemma 2 and let w’ be its canonical
extension. Note that I((w')™!) is an ¢~ '-genuine, normalized unramified principal series
representation contragradient to I(w’). Indeed, note that for any ¢ € I(w'), ¢ € I((w')™!)
the function

9= Y x-2e(19)¢(19)

yeANA
is well-defined (indepNendent of a choice of representatives ) and satisfies the equivariance
condition (10.1). A G-invariant pairing is therefore given by

(10.2) = > x50 / p(vk)p(vk) dk

yEA. \A
(103) LD ST ) [ etstunnets st do
yeEAN\A

Let Qg = € - be the e-genuine, zonal spherical function on G defined by

Qu(9) = (Rlg)px (@), i’ ™))
It can be expressed as

Q(g) = Vs(R(9)px (@)
where V, € (I(w'))* is the linear form defined by
V(o) = (9@ ™).
For every w € 20 the linear form V, o T}, on I(w~'w’) is then K*-invariant. Since
dim(I(w')*)*" = dim I (w5 =1,
there is a scalar d,(s) such that
(10.4) Vs o Ty = dy(s) Vi-1s.
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The scalar d,,(s) can easily be computed by evaluating both sides of (10.4) at px(w™1w').
On the one hand, since ¢ is supported on B, K™ and its value on K* equals 1 we get from
the definition (10.2) of the inner product that

V1s(pr(w™'w)) = 1.
On the other hand applying (3.16) as well we get that
Vs 0 Ty(pr(w™'w)) = co(w™s) Vi(pr (W) = cu(w™'s).
Thus,
dy(8) = cp(w™ts).
We now expand ¢y as in Lemma 6. We obtain that

(10.5) Qg =Y Cun(w”'5) ), o Tu(R(9)Puo) = D Cun(w ' 8)Vur15(R(9) ).

S ol )

We are now ready to compute the zonal spherical functions explicitly. The Cartan decom-
position of GG implies that

G =K"AK*.
Note first that if f is any e-genuine and bi K™-invariant function on G then supp(f) C
K*A,K*. Indeed for any a € A and any ap € AN K* we have

fla) = flaao) = f(e(Ca(ao))aoa) = €(Calao)) f(a).

But, as we have already observed in Section 3.3, if @ & A, then (, is not trivial on AN K*
and therefore we must have f(a) = 0. We therefore get that

supp(Q,) € K*A, K*.
For A = (A1,...,\,) € A let @ = diag(w™, ..., @) € A and let
ay = s(wy) " 's(w@?)s(w).

Let
+:{)\€A:/\12---2>\T}.

Note that for every ¢ € K*A,K* there is a unique integer j such that 0 < j < n; and a
unique A € A" such that

g =u(C1)s(@™e) kya,y ko
for some (i € p,(F), ki1, ko € K*. We then have

Q(g) = e(G)¢Tq )0 (ay,y).
Thus it is enough to compute ,(a, ) for every A € A*.

Lemma 9. For A € AT we have

V(R0 om @) = Ll grate-n,
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Proof. For this computation it is more convenient to apply the expression (10.3) for the
inner product. Since the inner product is G-invariant we have

L(l)r -1 ny _ L L o1
Tz >R (@) = Z\ / punlas(won) : ) pre(as(uou)an ') du.

If as(wou) € supp(@u,) = BiawoZ* = B,wo(Z* Ns(U)) then there exists b E B, and
ug € ZNU such that as(wou) = bs(woug) and therefore p(b) = p(a Jwouug 'wyt € A, Tt
follows in particular that a € A,. This implies that

L(y L
TV Rl - / G (S(t01) ) 1 (8 (w000} s

We have already observed that s(wou) € BywoZ* if and only if u € U N K and therefore

ﬂ -l s(wou)a u
e = [ st du

By (2.7) we have
a,z8(w)any = s(P(any) up(ann))
and since nA € AT and u € U N K we also have p(a,y) 'up(a,y) € UN K. Tt follows that

s(wot)any € s(wp)anK* = s(w™)K*

and therefore

L(1) —1y 5 ) Ay L =1y -1 nA
mVs(R(&m)sOwo)—soK(S(w )W) = (W) (s(@™).

The lemma follows. Il

Now plugging Lemma 9 to the formula (10.5) we get for A € AT

L _
0 ( ;i Hz 1 Z C'wo wls n)\ (w™ls— p)

This can be expressed as the Ath Hall-Littlewood polynomial with parameter ¢~! as follows.
For A € A" the Hall-Littlewood polynomial Py is a monic, symmetric Laurent polynomial

in the variable x = (x1,...,z,) and parameter ¢ defined by
(L—1t) AT
P(xy,...,25t) = ———
)\( 1, ) ) V)\(t) Z H T; — x]
weW 1<J
where 2% = 7' - - 2 and

Va(t) = [T own ()

where N;(\) = #{j : 1 < j < n, \; =i} and vy(t) = [[,(1 — t'). What we have shown

can be summarized as follows.
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Theorem 5. Let g € G:’, s € C". Suppose C € fign, (C) satisfies (3.4). If g & K*A,K* then
Qsc(g) =0. If g € K*A,K* write

g=1(C1) s(w™e)’ ky a;i ko
with (1 € pn(F), k1, ks € K*. Then

€ _ J —np-A Vn)x(qil) Y—]P X X oo
s,c(g)—E(Cl)C q m X X )
where X; = ", i =1,...,r and Y = gmsitts),
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