
MEAN VALUES OF BIQUADRATIC ZETA FUNCTIONS

GAUTAM CHINTA

1. Introduction

Let h(d) be the number of primitive inequivalent binary quadratic forms
of discriminant d. In Disquisitiones §302 and 304 [8], Gauss gives conjectures
for the average value of h(d) if d < 0, and for the average value of h(d) log(εd)
if d > 0, where in the latter case, εd is derived from the fundamental solution
to Pell’s equation. Gauss’s conjectures were first proved by Lipschitz [12]
(for negative discriminants) and Siegel (for positive discriminants) [14].

When d is a fundamental discriminant and χd the primitive real Dirich-
let character associated to the quadratic extension Q[

√
d], Dirichlet’s class

number formula relates the value of the L-series of χd at s = 1 to the class
number h(d). Thus Gauss’s conjectured asymptotics are equivalent to con-
jectures for sums of the type ∑

0<±d<X
L(1, χd)

as X → ∞. Subsequent authors have investigated asymptotics for sums of
the type ∑

0<±d<X
L(s, χd)

for Re(s) ≥ 1/2.
The greatest difficulties occur at the point s = 1/2. Jutila [11], verifying

a conjecture of Goldfeld and Viola [10], showed that

(1.1)
∑

0<±d<X
L(1/2, χd) ∼ c1X logX + c2x+O(x3/4+ε)

for certain constants c1, c2. Takhtadzjan and Vinogradov [15] establish a sim-
ilar result. Using the theory of metaplectic Eisenstein series, Goldfeld and
Hoffstein [9] improved the exponent on Jutila’s error term to 19/32+ε. They
exploited the fact—first noticed by Siegel [13]—that the Dirichlet L-function
appears in the Fourier expansion of the half-integral weight Eisenstein se-
ries on Γ0(4). By taking the Mellin transform of this Eisenstein series, one
obtains a double Dirichlet series whose coefficients involve the L-functions
L(s, χd). The asymptotic of [9] then follows from standard Tauberian tech-
niques. This approach has been vastly generalized in recent years. We refer
the reader to [3] for a survey of the role of metaplectic Eisenstein series in
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constructing multiple Dirichlet series and applications to number theory and
the theory of automorphic forms.

As ζ(s)L(s, χd) is the zeta function of the field Q[
√
d], the result (1.1) can

be viewed as an asymptotic for central values of zeta functions of quadratic
extensions of Q. In this paper we prove an asymptotic formula for a weighted
sum of central values of zeta functions of biquadratic extensions of a number
field K. To keep notation to a minimum in this introduction, we content
ourselves with stating our main result (Theorem 2.3) over the base field Q.

We recall that if L = Q[
√
d1,
√
d2] with d1, d2 fundamental discriminants,

(d1, d2) = 1, the zeta function of the field L is

ζL(s) = ζ(s)L(s, χd1)L(s, χd2)L(s, χd1d2),

where ζ = ζQ is the Riemann zeta function. When d is not a fundamental
discriminant, we continue to let χd denote the quadratic character associ-
ated to the extension Q[

√
d] of Q. Let L2(s, χd) denote the L-function with

the Euler factor at the prime 2 removed. Let f be a smooth, compactly
supported test function satisfying

∫∞
0 f(x)dx = 1. Our main result is∑

d1,d2 odd

a(d1, d2)L2(1
2 , χd1)L2(1

2 , χd2)L2(1
2 , χd1d2)f

(
d1d2
X

)
(1.2)

∼
ζ2(3

2)ζ2(2)3

2 · 4!
X log4X,

as X →∞. For lower order terms in the asymptotic and an error term, see
Theorem 2.3. The weighting factor a(d1, d2) satisfies

• a(d1, d2) = 1 if d1d2 squarefree
• The weights are “small” in the sense that, for d1d2 squarefree,

∞∑
n=1

1
n2w

 ∑
m1m2=n2

a(m1d1,m2d2)


converges absolutely for Re(w) > 1/2.

The weighting factor is described in greater detail in Section 4.1. It is
natural in the sense that its presence is required in order that a certain
multiple Dirichlet series have a full group of functional equations. According
to a conjecture of D. Bump, the multiple Dirichlet series we construct should
coincide with a Whittaker coefficient of a metaplectic Eisenstein series on
the double cover of GL6. See section 3 for further remarks.

Acknowledgments. It is a great pleasure to thank Prof. J. Hoffstein
for numerous enlightening conversations. I am also grateful to the referee
for suggesting several improvements to this paper.

2. Preliminaries

Let K be a number field with ring of integers O. Let Sf be a finite set
of non-archimedean places such that Sf contains all places dividing 2 and
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the ring of Sf -integers OSf has class number 1. Let S∞ denote the set of
archimedean places and let S = Sf ∪ S∞.

Let
(
a
∗
)

be the quadratic residue symbol attached to the extension K(
√
a)

of K. We extend this symbol as in Fisher and Friedberg [6]. We review the
definition.

For each place v, let Kv denote the completion of K at v. For v nonar-
chimedean, let Pv denote the corresponding ideal of O, and let qv = |Pv|
denote its norm. Let C =

∏
v∈Sf P

nv
v with nv = max{ordv(4), 1}. Let

HC be the narrow ray class group modulo C and let RC = HC ⊗ Z/2Z.
Write the finite group RC as a direct product of cyclic groups, choose a
generator for each, and let E0 be a set of ideals of O prime to S which
represent these generators. For each E0 ∈ E0 choose mE0 ∈ K× such that
E0OSf = mE0OSf . Let E be a full set of representatives for RC of the form∏
E0∈E0 E

nE0
0 , with nE0 ∈ Z. If E =

∏
E0∈E0 E

nE0
0 is such a representative,

then let mE =
∏
E0∈E0 m

nE0
E0

. Note that EOSf = mEOSf for all E ∈ E . For
convenience we suppose that O ∈ E and mO = 1.

Let J (S) denote the group of fractional ideals of O coprime to Sf . Let
I, J ∈ J (S) be coprime. Write I = (m)EG2 with E ∈ E , m ∈ K×,
m ≡ 1 mod C, and G ∈ J (S) such that (G, J) = 1. Then as in [6], the
quadratic residue symbol

(
mmE
J

)
is defined, and if I = (m′)E′G′2 is another

such decomposition, then E′ = E and
(
m′mE
J

)
=
(
mmE
J

)
. In view of this

define the quadratic residue symbol
(
I
J

)
by
(
I
J

)
=
(
mmE
J

)
. For I = I0I

2
1

with I0 squarefree we denote by χI the character χI(J) = χI0(J) =
(
I0
J

)
.

Further, in the expression χI(Ĵ), we let Ĵ represent the part of J coprime
to I0. This character χI depends on the choices above, but we suppress this
from the notation.

Proposition 2.1 (Reciprocity). [6] Let I, J ∈ J (S) be coprime, and
α(I, J) = χI(J)χJ(I)−1. Then α(I, J) depends only on the images of
I and J in RC .

Let I(S) denote the set of integral ideals prime to Sf . Let LS(s, χJ) be
the L-function of the character χJ , with the places in S removed. If ξ is
any idèle class character then the L-function L(s, ξ) satisfies a functional
equation

(2.1) L∞(s, ξ)L(s, ξ) = ε(s, ξ)L∞(1− s, ξ)L(1− s, ξ−1),

where ε(s, ξ) is the epsilon factor of ξ and L∞(s, ξ) is the archimedean com-
ponent of the L-function.

Proposition 2.2. Let E, J ∈ O(S) be squarefree with associated characters
χE , χJ of conductors fE , fJ respectively. Suppose that χJ = χEχI with I ∈
K×, I ≡ 1 mod C. Let ψ be another character unramified outside S. Then

(2.2) ε(s, χJψ) = ε(1/2, χI)ψ(|fJ/fE) (|fJ/fE |)1/2−s ε(s, χEψ).
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Here ε(1/2, χI) is given by a (normalized) Gauss sum, as in Tate’s thesis.
We may now state our main result.

Theorem 2.3. Let a(I2, I4) be the weighting factors given by (4.12). Let f
be a smooth, compactly supported test function on (0,∞), satisfying∫ ∞

0
f(x)dx = 1.

Then for any ε > 0, as X →∞,

(2.3)
∑

I2,I4∈I(S)

a(I2, I4)LS(1
2 , χI2)LS(1

2 , χI4)LS(1
2 , χI2I4)f

(
|I2I4|
X

)

∼
ζS(3

2)ζS(2)3

4!

∏
P∈S

(
1− 1
|P |

)
X log4X +

3∑
i=0

AiX(logX)i +O(X3/4+ε)

where ζ denotes the zeta function of K and the constants A0, A1, A2, A3

are all effectively computable in terms of the Mellin transform of the test
function f. The implicit constant in the error term depends on ε,K and S.

The proof of the theorem is a consequence of the analytic continuation of
a certain multiple Dirichlet series constructed in Section 4.

3. Dynkin diagrams and multiple Dirichlet series

In 1996 Bump suggested a correspondence between quadratic multiple
Dirichlet series and Dynkin diagrams. Suppose that we are given a simply-
laced Dynkin diagram, with vertices v1, · · · , vr. We can try to attach to the
Dynkin diagram a multiple Dirichlet series which is roughly of the form:

∞∑
n1,n2,...,nr=1

 ∏
j > i, vj adjacent to vi

(
ni
nj

)n−s11 · · ·n−srr .

When ninj is not squarefree the symbol
(
ni
nj

)
must replaced by an appro-

priate weighting factor. Summing over ni, while fixing all nk with k 6= i,
will produce a function of si. Bump suggested that weighting factors could
be chosen in such a way that this function would satisfy a natural functional
equation as si 7→ 1 − si. This functional equation will induce (in the mul-
tiple Dirichlet series) a linear change of the variables s1, s2, . . . , sr sending
si → 1 − si, and sj → sj + si − 1/2 if vj is adjacent to vi. The other sk
are left unchanged. Denoting this functional equation by σi, we have the
relations

σ2
i = 1, (σiσj)ε(i,j) = 1,

where ε(i, j) = 3 if vi and vj are adjacent nodes in the Dynkin diagram, and
ε(i, j) = 2 if they are not, see [3]. These are the well-known Coxeter relations
generating the Weyl group associated with the Dynkin diagram. By simple
one-variable convexity estimates, the region of absolute convergence of the
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multiple Dirchlet series contains the complement of a bounded subset of a
Weyl chamber. Since the Weyl group acts transitively on Weyl chambers,
it should therefore be possible (provided the appropriate weighting factors
can be constructed) to analytically continue the multiple Dirichlet series to
the complement of a bounded subset of Cr, and hence—by the convexity
principle of several complex variables—to all of Cr. If this can be done, the
multiple Dirichlet series is said to be “perfect.”

This procedure has been carried out in detail for the Dynkin diagrams
A2, A3 and D4, see [14],[9], [6], [5], [4]. These multiple Dirichlet series
give asymptotics for mean values of quadratic twists of L-functions on
GL(1), GL(2) and GL(3). Bump conjectures that the multiple Dirichlet se-
ries constructed in this manner coincide with the Whittaker coefficients of
Eisenstein series on the metaplectic double cover of the split simply con-
nected semisimple group associated with this Dynkin diagram. In an un-
published computation of Bump and Hoffstein, this has been verified when
the Cartan type of the Dynkin diagram is A2, in which case this Dirichlet
series is associated with the Eisenstein series on the metaplectic double cover
of SL(3).

There is also a relation between Dynkin diagrams and multiple Dirichlet
series constructed from higher order twists. This construction together with
a conjectural connection to Fourier coefficients of Eisenstein series on n-
fold metaplectic covers will be described in [2]. Brubaker and Bump have
recently made great progress on showing that these multiple Dirichlet series
are perfect, see [1].

In the following section we construct the multiple Dirichlet series associ-
ated to the Dynkin diagram A5. Theorem 2.3 will be a consequence of the
analytic properties of this series.

We conclude this section with an observation by the referee which lends
further credence to the conjecture above. The construction of the weight-
ing factors alluded to above turns out to be equivalent to the construction
of a rational function invariant under a certain action of the Weyl group.
This action is described in the following section and the rational function
is presented in the Appendix. Multiplying the denominator of the rational
function by (1 + x)(1 + y)(1 + z)(1 + w)(1 + v) allows us to pull 15 zeta
functions out of the multiple Dirichlet series. These 15 factors coincide (for
a suitable variable choice) with the normalizing zeta factor of the Eisenstein
series on the metaplectic double cover of GL(6).
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4. A multiple Dirichlet series associated to the Dynkin

diagram A5

We retain the notation of section 2. Let ψ1, . . . , ψ5 be quadratic idèle class
characters unramified outside S. Define the the multiple Dirichlet series

(4.1) ZS(s1, s2, s3, s4, s5;ψ1, ψ2, ψ3, ψ4, ψ5) =∑
I1,...,I5∈I(S)

χI2(Î1)χI2(Î3)χI4(Î3)χI4(Î5)
∏i=5
i=1 ψi(Ii)∏i=5

i=1 |Ii|si
g(I1, I2, I3, I4, I5),

where g is a certain weighting factor to be specified below. This factor
must be included to insure that ZS satisfies the proper group of functional
equations.

4.1. Construction of the weighting factor. We begin by listing the
properties we need g to have. Then we show that such a g exists. Firstly,
we require that g is multiplicative in the following sense

(4.2) g(I1, I2, I3, I4, I5) =
∏

Pαi ||Ii

g(Pα1 , Pα2 , Pα3 , Pα4 , Pα5)

and that

(4.3) g(I1, I2, I3, I4, I5) = g(I5, I4, I3, I2, I1).

Moreover, g must be chosen so that (4.1) satisfies functional equations as
si 7→ 1− si. Precisely, we require

• For I2 ∈ I(S) set I2 = J0J
2
1 with J0, J1 ∈ I(S), J0 squarefree. Then,

for fixed I3, I4, I5 ∈ I(S),

(4.4)
∑
I1

χJ0(Î1)ψ1(I1)
|I1|s1

g(I1, I2, I3, I4, I5) = L(s1, χJ0ψ1)Q(1)
I2,I3,I4,I5

(s1, ψ1),

where the weighting polynomial Q(1) satisfies the functional equation

(4.5) Q
(1)
I2,I3,I4,I5

(s1, ψ1) = |J1|1−2s1Q
(1)
I2,I3,I4,I5

(1− s1, ψ1).

• For I1, I3 ∈ I(S) set I1I3 = J0J
2
1 with J0, J1 ∈ I(S), J0 squarefree.

Then, for fixed I4, I5 ∈ I(S),

(4.6)
∑
I2

χJ0(Î2)ψ2(I2)
|I2|s2

g(I1, I2, I3, I4, I5) = L(s2, χJ0ψ2)Q(2)
I1,I3,I4,I5

(s2, ψ2),

where the weighting polynomial Q(2) satisfies the functional equation

(4.7) Q
(2)
I1,I3,I4,I5

(s2) = |J1|1−2s2Q
(2)
I1,I3,I4,I5

(1− s2, ψ2).
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• For I2, I4 ∈ I(S) set I2I4 = J0J
2
1 with J0, J1 ∈ I(S), J0 squarefree.

Then, for fixed I1, I5 ∈ I(S),

(4.8)
∑
I3

χJ0(Î3)ψ3(I3)
|I3|s3

g(I1, I2, I3, I4, I5) = L(s3, χJ0)Q(3)
I1,I2,I4,I5

(s3, ψ3),

where the weighting polynomial Q(3) satisfies the functional equation

(4.9) Q
(3)
I1,I2,I4,I5

(s3) = |J1|1−2s3Q
(3)
I1,I2,I4,I5

(1− s3, ψ3).

The symmetry (4.3) implies that sums over I4 and I5 will satisfy analogous
functional equations in s4 and s5. We also note that as g is multiplicative,
the Dirichlet polynomials Q(j) will be (finite) Euler products for 1 ≤ j ≤ 5.

We now show that a weighting function with the above properties exists.
By multiplicativity it suffices to define g(P j , P k, P l, Pm, Pn) for j, k, l,m, n ≥
0 and P a prime ideal of norm p. We introduce the new variables

x = p−s1 , y = p−s2 , z = p−s3 , w = p−s4 , v = p−s5

and consider the rational function

H(x, y, z, w, v)

given in the appendix. The proposition below is readily verified using any
computer algebra system. We hope in a later work to give a more concep-
tual and less computational construction of the rational functions needed
to construct multiple Dirichlet series associated to a general simply-laced
Dynkin diagram, as explained in the previous section.

Proposition 4.1. The rational function H satisfies
• H(x, y, z, w, v) = H(v, w, z, y, x)
• The functions

(1− x)
[
H(x, y, z, w, v) +H(x,−y, z, w, v)

]
and

1
x
√
p

[
H(x, y, z, w, v)−H(x,−y, z, w, v)

]
are invariant under

(x, y, z, w, v) 7→ ( 1
px , xy

√
p, z, w, v).

• The functions

(1− y)
[
H(x, y, z, w, v) +H(−x, y,−z, w, v)

]
and

1
y
√
p

[
H(x, y, z, w, v)−H(−x, y,−z, w, v)

]
are invariant under

(x, y, z, w, v) 7→ (xy
√
p, 1

py , yz
√
p, w, v).
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• The functions

(1− z)
[
H(x, y, z, w, v) +H(x,−y, z,−w, v)

]
and

1
z
√
p

[
H(x, y, z, w, v)−H(x,−y, z,−w, v)

]
are invariant under

(x, y, z, w, v) 7→ (x, yz
√
p, 1

pz , wz
√
p, v).

If we define g(P j , P k, P l, Pm, Pn) by

(4.10) H(x, y, z, w, v) =
∑

j,k,l,m,n≥0

g(P j , P k, P l, Pm, Pn)xjykzlwmvn

and extend multiplicatively, then, in view of the previous proposition, these
coefficients g will satisfy (4.2) - (4.8), as desired.

We can now also describe the weighting factors a(I1, I2) that appear in
the statement of our main result, Theorem 2.3. Define PI2,I4(s1, s3, s5;P )
to be equal to

(4.11)


1−

χI2
(P )

|P |s1 if ordP (I2) even, ordP (I4) odd

1−
χI4

(P )

|P |s5 if ordP (I2) odd, ordP (I4) even

1−
χI2I4

(P )

|P |s3 if ordP (I2) odd, ordP (I4) odd(
1−

χI2
(P )

|P |s1

)(
1−

χI4
(P )

|P |s5

)(
1−

χI2I4
(P )

|P |s3

)
otherwise

Then the weighting factor a(I2, I4) of Theorem 2.3 is given by
(4.12)∏

Pα2 ||I2
Pα4 ||I4

PI2,I4 ( 1
2 ,

1
2 ,

1
2 ;P )

 ∑
j,l,n≥0

χI2 (P̂ j)χI2 (P̂ l)χI4 (P̂n)χI4 (P̂n)

P j/2P l/2Pn/2
g(P

j
, P

α2 , P
l
, P

α4 , P
n

)

 .

4.2. Functional equations for ZS(s1, s2, s3, s4, s5). Summing over Ij first
in the series (4.1) defining ZS will produce an L-function in the variable sj ,
which will have a functional equation as sj 7→ 1 − sj . This will lead to
a functional equation for the multiple Dirichlet series ZS . We exhibit the
s1 7→ 1− s1 relation in detail.

For I2 ∈ I(S) set I2 = J0J
2
1 with J0, J1 ∈ I(S), J0 squarefree. Let

I2, I3, I4, I5 be fixed ideals in I(S). Consider the sum∑
I1∈I(S)

χI2(I1)ψ1(I1)
|I1|s1

g(I1, I2, I3, I4, I5) = L̂S(s1, χI2ψ1),

say, where L̂ denotes the product of the L-function with the weighting poly-
nomial as in (4.4). Let us write χI2 = χEχJ ′ , with J ′ ∈ K×, J ′ ≡ 1 mod C.
Combining the functional equation of the L-function (2.1) with that of the
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weighting polynomial (4.5) and taking care to replace and remove the primes
in Sf , we find that L̂S(s1, χI2ψ1) satisfies the functional equation

L̂S(s1, χI2ψ1) =
L∞(1− s1, χI2ψ1)
L∞(s1, χI2ψ1)

∏
P∈Sf

(
1− χI2(P )ψ1(P )|P |−s1
1− χI2(P )ψ1(P )|P |s1−1

)

×
∣∣∣∣ fJ0

fE

∣∣∣∣1/2−s1 |J2
1 |1/2−s1ε(1− s, χEψ1)L̂S(1− s1, χI2ψ1)

= A(s1, E, ψ1)
∏
P∈Sf

(
1− χI2(P )ψ1(P )|P |−s1
1− χI2(P )ψ1(P )|P |s1−1

)
×|I2|1/2−s1L̂S(1− s1, χI2ψ1)

where A(s1, E, ψ1) depends only on the class E of I2 in RC . The same is
true of the quotient of Euler factors. Thus

(4.13) L̂S(s1, χI2ψ1) = B(s1, E, ψ1)|I2|1/2−s1L̂S(1− s1, χI2ψ1)

We will find it convenient to extend the notation of (4.1) to allow arbitrary
functions on RC in place of the ψi. In particular, if E is a class in RC , we
let δE denote the characteristic function of this class and

ZS(s1, s2, s3, s4, s5;ψ1δE , ψ2, . . . , ψ5) =∑
I1,...,I5∈I(S)

I1∼E

χI2(I1)χI2(I3)χI4(I5)χI4(I3)
∏i=5
i=1 ψi(Ii)∏i=5

i=1 |Ii|si
g(I1, I2, I3, I4, I5),

Summing (4.13) over I2 projecting to E in RC ,∏
P∈Sf

(
1− χI2(P )ψ1(P )

|P |1−s1

)
ZS(s1, s2, s3, s4, s5;ψ1, ψ2δE , ψ3, ψ4, ψ5)

= A(s1, E, ψ1)
∏
P∈Sf

(
1− χI2(P )ψ1(P )

|P |s1

)
ZS(1− s1, s2 + s1 − 1/2, s3, s4, s5;ψ1, ψ2δE , ψ3, ψ4, ψ5),

or equivalently,∏
P∈Sf

(
1− ψ1(P 2)
|P |2−2s1

)
ZS(s1, s2, s3, s4, s5;ψ1, ψ2δE , ψ3, ψ4, ψ5)

= A(s1, E, ψ1)
∏
P∈Sf

(
1− χI2(P )ψ1(P )

|P |s1

)(
1 +

χI2(P )ψ1(P )
|P |2−2s1

)
ZS(1− s1, s2 + s1 − 1/2, s3, s4, s5;ψ1, ψ2δE , ψ3, ψ4, ψ5),

Now summing both sides over E ∈ E will produce a functional equation
for ZS(s1, s2, s3, s4, s5;ψ1, ψ2δE , ψ3, ψ4, ψ5). Functional equations for ZS as
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si 7→ 1− si for i = 2, 3, 4, 5 can be established similarly. We list the results
below.

Theorem 4.2. Let s = (s1, s2, s3, s4, s5). The multiple Dirichlet series ZS
satisfies the following functional equations:

• Let σ1(s) = (1− s1, s1 + s2 − 1/2, s3, s4, s5). Then∏
P∈Sf

(
1− ψ1(P 2)
|P |2−2s1

)
ZS(s;ψ1, ψ2, ψ3, ψ4, ψ5)

=
∑
ξ2∈R̂C

Φ(s1; ξ, ψ1)ZS(σ1s;ψ1, ψ2ξ2, ψ3, ψ4, ψ5)

• Let σ2(s) = (s1 + s2 − 1/2, 1− s2, s2 + s3 − 1/2, s4, s5). Then∏
P∈Sf

(
1− ψ2(P 2)
|P |2−2s2

)
ZS(s;ψ1, ψ2, ψ3, ψ4, ψ5)

=
∑

ξ1,ξ3∈R̂C

Φ(s2; ξ1, ξ3, ψ2)ZS(σ2s;ψ1ξ1, ψ2, ψ3ξ3, ψ4, ψ5)

• Let σ3(s) = (s1, s2 + s3 − 1/2, 1− s3, s3 + s4 − 1/2, s5). Then∏
P∈Sf

(
1− ψ3(P 2)
|P |2−2s3

)
ZS(s;ψ1, ψ2, ψ3, ψ4, ψ5)

=
∑

ξ2,ξ4∈R̂C

Φ(s3; ξ2, ξ4, ψ3)ZS(σ3s;ψ1, ψ2ξ2, ψ3, ψ4ξ4, ψ5)

• Let τ(s) = (s5, s4, s3, s2, s1). Then

ZS(s;ψ1, ψ2, ψ3, ψ4, ψ5) = ZS(τs;ψ5, ψ4, ψ3, ψ2, ψ1)

The functions Φi(s; ·) are linear combinations of quotients of Gamma func-
tions multiplied by finite Euler products in s and 1− s.

4.3. Analytic continuation of the multiple Dirichlet series. We will
be brief in this section as the procedure for analytically continuing a multiple
Dirichlet series satisfying sufficiently many functional equations has been
described in detail elsewhere, see [4],[5]. We remark only that the region

R = {(s1, s2, s3, s4, s5) : Re(s1) ≥ 1
2}

is a fundamental domain for the action of the group G generated by σ1, σ2, σ3

and τ on C5. Using standard convexity estimates for L-series, the multi-
ple Dirichlet series ZS(s1, s2, s3, s4, s5;ψ1, ψ2, ψ3, ψ4, ψ5) can be shown to be
meromorphic in the intersection of R with the complement of the ball of
radius 2 centered at the origin. By the Hartogs’ theorem in several com-
plex variables, it follows that ZS can be meromorphically continued to C5.
Moreover, the polar divisor of ZS will be contained in the set of trans-
lates of the hyperplane {s2 = 1} by the group G. In particular, in the case
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ψi = 1, i = 1, . . . , 5, there exist exactly 8 polar hyperplanes passing through
the point (1/2, 1, 1/2, 1, 1/2).

5. Computation of the residue

Henceforth we specialize our investigations to the series

ZS(s1, s2, s3, s4, s5) = ZS(s1, s2, s3, s4, s5; 1, 1, 1, 1, 1).

We wish to determine the analytic behavior of ZS(1/2, s, 1/2, s, 1/2) as s→
1+. For this we will need to know some of the properties of the A3 multiple
Dirichlet series

YS(s1, s2, s3) = lim
s4,s5→∞

ZS(s1, s2, s3, s4, s5)

=
∑

I1,I2,I3∈I(S)

χI2(Î1)χI2(Î2)∏i=3
i=1 |Ii|si

gY (I1, I2, I3).

The multiplicative weighting coefficient gY is determined by the generating
series

(5.1) HY (x, y, z) =
∑
j,k,l≥0

g(P j , P k, P l)xjykzl

=
1− y(x+ z − xz) + py2xz(1− z − x) + py3z2x2

(1− x)(1− y)(1− z)(1− px2y2)(1− py2z2)(1− p2x2y2z2)
as can be established by setting v = w = 0 in H.

This series was studied in [7]. Of relevance to us, is that the behavior of
YS(s1, s2, s3) near the point (1, 1, 1/2) is given by

(5.2) (1/rS)YS(s1, s2, s3) =
ζS(s3)ζS(2s2)ζS(2s2 + 2s3 − 1)

s1 − 1

+
ζS(2s1)ζS(2s3)ζS(s1 + s3)

s2 − 1
+
ζS(2s1)ζS(2− 2s3)ζS(s1 − s3 + 1)

s2 + s3 − 1
+ f(s1, s2, s3)

where f(s1, s2, s3) is holomorphic in a neighborhood of (1, 1, 1/2) and

rS =
∏
p∈Sf

(
1− 1

p

)
.

This fact may be established by methods similar to, but simpler than the
methods of the following paragraph.

By the results of the previous section, ZS(s1, s2, s3, s4, s5) has 8 polar
hyperplanes going through the point (1/2, 1, 1/2, 1, 1/2). These are:

(5.3) {s2 = 1}, {s1 + s2 = 3/2}, {s1 + s2 + s3 = 2}, {s2 + s3 = 3/2},
{s4 = 1}, {s5 + s4 = 3/2}, {s5 + s4 + s3 = 2}, {s4 + s3 = 3/2}.

We need to compute the residue of ZS along each of these polar divisors.
We begin with the residue along {s2 = 1}.
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Proposition 5.1. For s1, s3, s4, s5 > 1,

(5.4) Res
s2=1

ZS(s1, s2, s3, s4, s5) =

rSYS(s1 +s3, s4, s5)ζS(2s1)ζS(2s3)ζS(2s3 + 2s4−1)ζS(2s3 + 2s4 + 2s5−2),

where rS =
∏
P∈S

(
1− 1

|P |

)
.

Proof. For s1, s3, s4, s5 > 1,

Res
s2=1

ZS(s1, s2, s3, s4, s5)

= Res
s2=1

∑
I1,...,I5∈I(S)

I1I3=2

χI4(Î5)χI4(Î3)∏i=5
i=1 |Ii|si

g(I1, I2, I3, I4, I5)

= Res
s2=1

∑
I1,I3,I4I5∈I(S)

χI4(Î5)χI4(Î3)
|I1|s1 |I3|s3 |I4|s4 |I5|s5

g′(I1, I3, I4, I5),

say, where the new coefficients g′(I1, I3, I4, I5) are defined by

(5.5) g′(I1, I3, I4, I5) = Res
s2=1

∑
I2∈I(S)

g(I1, I2, I3, I4, I5)
|I2|s2

.

The coefficients g′ are again multiplicative, and thus determined by the
generating series

H ′(x, z, w, v) =
∑

j,l,m,n≥0

g′(P j , P l, Pm, Pn)xjzlwmvn

By the definition (5.5), we deduce that H ′(x, z, w, v) is(
1− 1

p

) ∑
j,k,l,m,n≥0
j+l even

g(P j , P k, P l, Pm, Pn)xjykzlwmvn
∣∣∣
y=

1
p

=
1
2

(
1− 1

p

)[
H(x, 1

p , z, w, v) +H(−x, 1
p ,−z, w, v)

]
.

Referring to the appendix,

H ′(x, z, w, v) =

1− vw − wxz + vwxz + pvw2xz − pv2w2xz − pvw2x2z2 + pv2w3x2z2

denominator
where the denominator is

(1− v)(1− w)(1− pv2w2)(1− x2)(1− xz)(1− z2)

(1− pw2z2)(1− p2v2w2z2)(1− pw2x2z2)(1− p2v2w2x2z2)

Comparing this with (5.1) and (5.4) completes the proof of the proposition.
�
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As the other polar divisors of ZS(s1, s2, s3, s4, s5) are translates of the
the divisor at {s2 = 1}, by the group of functional equations, the other 7
residues can be computed by applying the appropriate functional equation
to the residue in Proposition 5.1. We record these below:

• Residue at {s1 + s2 = 3/2}:

(5.6) YS(1− s1 + s3, s4, s5)ζS(2− 2s1)ζS(2s3)

ζS(2s3 + 2s4 − 1)ζS(2s3 + 2s4 + 2s5 − 2) +O(s1 − 1/2)

• Residue at {s1 + s2 + s3 = 2}:

(5.7) YS(2− s1 − s3, s3 + s4 − 1/2, s5)ζS(2− 2s1)ζS(2− 2s3)

ζS(2s4)ζS(2s4 + 2s5 − 1) +O(s1 + s3 − 1)

• Residue at {s2 + s3 = 3/2}:

(5.8) YS(1 + s1 − s3, s3 + s4 − 1/2, s5)ζS(2s1)ζS(2− 2s3)

ζS(2s4)ζS(2s4 + 2s5 − 1) +O(s3 − 1/2)

The implicit constants in the O-notation are uniformly bounded in a neigh-
borhood of (1/2, 1, 1/2, 1, 1/2). The other four residues follow from the sym-
metry

ZS(s1, s2, s3, s4, s5) = ZS(s5, s4, s3, s2, s1).

Summing up all of these polar contributions, we find that

(5.9) ZS(1/2, s, 1/2, s, 1/2) =
rSζS(3

2)ζS(2)3

(s− 1)5
+O

(
1

(s− 1)4

)
as s→ 1.

A closer investigation of the polar hyperplanes reveals that

(s− 1)5ZS(1
2 , s,

1
2 , s,

1
2)

has an additional pole at s = 3/4 but is analytic for Re(s) > 3/4. Also, an
argument identical to that given in Proposition 4.12 of [5] shows that for
any ε > 0,

(s− 1)5ZS(1
2 , s,

1
2 , s,

1
2)

has polynomial growth in Im(s) when Re(s) > 3/4 + ε.
To prove Theorem 2.3 we take a smooth, non-negative test function f

compactly supported in (0,∞). Thus the Mellin transform f̃ has super-
polynomial decay in vertical strips of bounded width. By the Mellin inver-
sion formula, we obtain

(5.10)
1

2πi

∫ 2+i∞

2−i∞
ZS(1

2 , s,
1
2 , s,

1
2)f̃(s)Xsds

=
∑

I2,I4∈I(S)

a(I2, I4)LS(1
2 , χI2)LS(1

2 , χI4)LS(1
2 , χI2I4)f

(
|I2I4|
X

)
.
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On the other hand, moving the line of integration to Re(s) = 3/4 + ε, we
pick up the pole of order 5 at s = 1, which has a residue of the form

A4X(logX)4 +A3X(logX)3 +A2X(logX)2 +A1X(logX) +A0X,

where

A4 = f̃(1)
ζS(3

2)ζS(2)3

4!

∏
P∈S

(
1− 1
|P |

)
and the other constants A0, . . . , A3 can also be computed explicitly in terms
of derivatives of f̃ at 1. The integral at Re(s) = 3/4+ε converges absolutely
and provides the error term O(X3/4+ε), with the implicit constant depending
on ε,K and S.
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6. Appendix

In this Appendix we present the rational function whose properties were
described in Proposition 4.1. The reader wishing to check the proposition
may download the rational function from

http : //www.math.brown.edu/̃ chinta/a5poly

We have

H(x, y, z, w, v) =
numerator

denominator
,

where the denominator is

(6.1) (1− x) (1− y) (1− z) (1− w) (1− v)
(
1− p v2w2

) (
1− p x2 y2

)(
1− pw2 z2

) (
1− p2 v2w2 z2

) (
1− p y2 z2

) (
1− p2w2 y2 z2

)(
1− p3 v2w2 y2 z2

) (
1− p2 x2 y2 z2

) (
1− p3w2 x2 y2 z2

) (
1− p4 v2w2 x2 y2 z2

)
and the numerator is given by

(6.2) 1− vw − xy + vwxy − wz + vwz+

pv2w2z − yz + wyz − pvw2yz + pv2w2yz + xyz − vwxyz + pxy2z−
pwxy2z + p2vw2xy2z − p2v2w2xy2z − px2y2z + pwx2y2z − p2vw2x2y2z+

p2v2w2x2y2z − pvw2z2 + pv2w3z2 + pwyz2 − pvwyz2 − pw2yz2 + pvw2yz2+

pvw3yz2−pv2w3yz2−p2v2w3yz2+p2v3w3yz2−pwxyz2+pvwxyz2+pw2xyz2−
pvw3xyz2 + p2v2w3xyz2 − p2v3w3xyz2 − pwy2z2 + pvwy2z2 − p2v2w2y2z2+

p2v2w3y2z2−pxy2z2 +pwxy2z2−p2vw2xy2z2 +p2v2w2xy2z2−p2w2x2y2z2+

p2vw2x2y2z2 − p3v2w2x2y2z2 + p2vw3x2y2z2 − p2v2w3x2y2z2+

p3v3w3x2y2z2+pwxy3z2−pvwxy3z2+p2v2w2xy3z2−p2v2w3xy3z2+px2y3z2

− pwx2y3z2 − p2wx2y3z2 + p2vwx2y3z2 + p2w2x2y3z2 − p2v2w2x2y3z2

− p2vw3x2y3z2 + p2v2w3x2y3z2 + p3v2w3x2y3z2 − p3v3w3x2y3z2

+ p2wx3y3z2 − p2vwx3y3z2 + p3v2w2x3y3z2 − p3v2w3x3y3z2 + pvw2yz3

− pvw3yz3 + p2v2w4yz3− p2v3w4yz3− pvw2xyz3 + pvw3xyz3− p2v2w4xyz3

+ p2v3w4xyz3 + pw2y2z3 − pvw2y2z3 − p2vw2y2z3 + p2v2w2y2z3+

p2v2w3y2z3 − p2v3w3y2z3 − p2v2w4y2z3 + p2v3w4y2z3 + pwxy2z3−
pvwxy2z3 − pw2xy2z3 − p2w2xy2z3 + pvw2xy2z3 + p3vw2xy2z3−

p3v2w2xy2z3 + p2w3xy2z3 − p2v2w3xy2z3 + p2v3w3xy2z3 − p3vw4xy2z3+

p2v2w4xy2z3 + p3v2w4xy2z3− p2v3w4xy2z3− p4v3w4xy2z3 + p4v4w4xy2z3+

p2w2x2y2z3−p3vw2x2y2z3+p3v2w2x2y2z3−p2vw3x2y2z3+p3v2w3x2y2z3−
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p3v3w3x2y2z3 + p2vw2y3z3 − p2v2w3y3z3 − pwxy3z3 + pvwxy3z3−
p2v2w2xy3z3 + p2v2w3xy3z3 + p2w2x2y3z3− p2vw2x2y3z3 + p3v2w2x2y3z3−
p2w3x2y3z3+p2vw3x2y3z3−p3v2w3x2y3z3+p3vw4x2y3z3−2p3v2w4x2y3z3+

p3v3w4x2y3z3+p4v3w4x2y3z3−p4v4w4x2y3z3−p2w2x3y3z3+p2vw2x3y3z3−
p3v2w2x3y3z3+p3v3w3x3y3z3+p3v2w4x3y3z3−p3v3w4x3y3z3−p3vw2xy4z3+

p3v2w3xy4z3 + p2wx2y4z3 − p2vwx2y4z3 − p2w2x2y4z3 + p2vw2x2y4z3+

p3vw2x2y4z3−2p3v2w3x2y4z3+p3v3w3x2y4z3+p3v2w4x2y4z3−p3v3w4x2y4z3−
p2wx3y4z3 + p2vwx3y4z3 + p2w2x3y4z3 − p2vw2x3y4z3 − p4vw2x3y4z3+

p3v2w3x3y4z3+p4v2w3x3y4z3−p3v3w3x3y4z3−p3v2w4x3y4z3+p3v3w4x3y4z3+

p4vw2x4y4z3 − p4v2w3x4y4z3 + p2vw3y2z4 − p2v2w3y2z4 + p3v3w4y2z4−
p3v3w5y2z4 + p2vw2xy2z4 − p2vw3xy2z4 − p3vw3xy2z4 + p3v2w3xy2z4+

p3vw4xy2z4 − p3v3w4xy2z4 − p3v2w5xy2z4 + p3v3w5xy2z4 + p4v3w5xy2z4−
p4v4w5xy2z4+p3vw3x2y2z4−p3v2w3x2y2z4+p4v3w4x2y2z4−p4v3w5x2y2z4−

p2vw3y3z4 + p2v2w3y3z4 + p3v2w4y3z4 − p3v3w4y3z4 + p2w2xy3z4−
p2vw2xy3z4 − p3vw2xy3z4 + p3v2w2xy3z4 − p2w3xy3z4 + p2vw3xy3z4+

p3vw3xy3z4− p3v2w3xy3z4− 2p3v2w4xy3z4 + p3v3w4xy3z4 + p4v3w4xy3z4−
p4v4w4xy3z4 + p3v2w5xy3z4 − p4v3w5xy3z4 + p4v4w5xy3z4 − p2w2x2y3z4+

p3vw2x2y3z4−p3v2w2x2y3z4 +p2w3x2y3z4−p3vw3x2y3z4 +p3v2w3x2y3z4−
p3vw4x2y3z4+p3v2w4x2y3z4+p4v2w4x2y3z4−2p4v3w4x2y3z4+p4v4w4x2y3z4−
p4v2w4x3y3z4 + p4v3w5x3y3z4 + p3vw2xy4z4− p3v2w3xy4z4 + p3w3x2y4z4−

2p3vw3x2y4z4 + p3v2w3x2y4z4 + p4v2w3x2y4z4 − p4v3w3x2y4z4+

p4v2w4x2y4z4−p4v3w4x2y4z4+p5v4w4x2y4z4−p4v2w5x2y4z4+p4v3w5x2y4z4−
p5v4w5x2y4z4 + p3w2x3y4z4− p3vw2x3y4z4 + p4v2w2x3y4z4− p3w3x3y4z4+

p3vw3x3y4z4+p4vw3x3y4z4−2p4v2w3x3y4z4−p4v2w4x3y4z4+p4v3w4x3y4z4+

p5v3w4x3y4z4−p5v4w4x3y4z4+p4v2w5x3y4z4−p4v3w5x3y4z4−p5v3w5x3y4z4+

p5v4w5x3y4z4−p4vw3x4y4z4+p4v2w3x4y4z4+p5v2w4x4y4z4−p5v3w4x4y4z4−
p3vw2x2y5z4 +p3vw3x2y5z4−p4v2w4x2y5z4 +p4v3w4x2y5z4−p3w2x3y5z4+

p3vw2x3y5z4+p4vw2x3y5z4−p4v2w2x3y5z4−p4vw3x3y5z4+p4v3w3x3y5z4+

p4v2w4x3y5z4−p4v3w4x3y5z4−p5v3w4x3y5z4+p5v3w5x3y5z4−p4vw2x4y5z4+

p4vw3x4y5z4 − p5v2w4x4y5z4 + p5v3w4x4y5z4 − p3v2w4y3z5 + p3v3w5y3z5+

p4vw3xy3z5 − p4v2w3xy3z5 − p4vw4xy3z5 + p3v2w4xy3z5 + p4v2w4xy3z5−



MEAN VALUES OF BIQUADRATIC ZETA FUNCTIONS 17

p3v3w5xy3z5−p5v3w5xy3z5+p5v4w5xy3z5+p5v3w6xy3z5−p5v4w6xy3z5−
p4vw3x2y3z5+p4v2w3x2y3z5+p4vw4x2y3z5−2p4v2w4x2y3z5+p4v3w5x2y3z5+

p5v3w5x2y3z5−p5v4w5x2y3z5−p5v3w6x2y3z5+p5v4w6x2y3z5+p4v2w4x3y3z5−
p4v3w5x3y3z5 − p4vw3xy4z5 + p4v2w3xy4z5 + p4vw4xy4z5 − p4v2w5xy4z5+

p5v3w5xy4z5 − p5v4w5xy4z5 − p3w3x2y4z5 + p3vw3x2y4z5 + p4vw3x2y4z5−
2p4v2w3x2y4z5+p4v3w3x2y4z5−p4v2w4x2y4z5+p5v3w4x2y4z5−p5v4w4x2y4z5+

p4v2w5x2y4z5−p5v3w5x2y4z5+p5v4w5x2y4z5+p5v2w4x3y4z5−p5v2w5x3y4z5+

p6v3w6x3y4z5−p6v4w6x3y4z5−p5v2w4x4y4z5+p5v3w5x4y4z5−p4vw4x2y5z5+

p4v2w4x2y5z5 − p5v3w4x2y5z5 + p4v2w5x2y5z5 − p4v3w5x2y5z5+

p5v4w5x2y5z5 +p3w3x3y5z5−p3vw3x3y5z5−p5vw3x3y5z5 +p4v2w3x3y5z5+

p5v2w3x3y5z5 − p4v3w3x3y5z5 + p5vw4x3y5z5 − p5v2w4x3y5z5+

p5v4w4x3y5z5 − p4v2w5x3y5z5 + p4v3w5x3y5z5 + p6v3w5x3y5z5−
p5v4w5x3y5z5 − p6v4w5x3y5z5 − p6v3w6x3y5z5 + p6v4w6x3y5z5+

p5vw3x4y5z5 − p5v2w3x4y5z5 − p5vw4x4y5z5 + p5v2w4x4y5z5+

p5v2w5x4y5z5−p5v3w5x4y5z5−p6v3w5x4y5z5+p6v4w5x4y5z5+p5vw3x3y6z5−
p5v2w3x3y6z5+p6v3w4x3y6z5−p6v3w5x3y6z5−p5vw3x4y6z5+p5v2w3x4y6z5−
p6v3w4x4y6z5+p6v3w5x4y6z5−p4v2w4xy4z6+p4v2w5xy4z6−p5v3w6xy4z6+

p5v4w6xy4z6−p4vw4x2y4z6+p4v2w4x2y4z6+p5v2w4x2y4z6−p5v3w4x2y4z6−
p5v2w5x2y4z6+p5v4w5x2y4z6+p5v3w6x2y4z6−p5v4w6x2y4z6−p6v4w6x2y4z6+

p6v4w7x2y4z6−p5v2w4x3y4z6+p5v2w5x3y4z6−p6v3w6x3y4z6+p6v4w6x3y4z6+

p4vw4x2y5z6−p5v2w4x2y5z6+p5v3w4x2y5z6−p4v2w5x2y5z6+p5v3w5x2y5z6−
p5v4w5x2y5z6+p5v2w5x3y5z6−p5v3w5x3y5z6+p6v4w6x3y5z6−p6v4w7x3y5z6+

p5v2w4x4y5z6−p5v2w5x4y5z6+p6v3w6x4y5z6−p6v4w6x4y5z6−p5vw4x3y6z6+

p5v2w4x3y6z6−p6v3w4x3y6z6+p6v4w5x3y6z6+p6v3w6x3y6z6−p6v4w6x3y6z6+

p5vw4x4y6z6−p5v2w4x4y6z6−p6v2w4x4y6z6+p6v3w4x4y6z6+p6v3w5x4y6z6−
p6v4w5x4y6z6−p6v3w6x4y6z6+p6v4w6x4y6z6+p6v2w4x4y7z6−p6v3w5x4y7z6+

p5v2w5x2y5z7−p5v3w5x2y5z7+p6v4w6x2y5z7−p6v4w7x2y5z7−p5v2w5x3y5z7+

p5v3w5x3y5z7−p6v4w6x3y5z7+p6v4w7x3y5z7−p7v3w6x3y6z7+p7v4w7x3y6z7+

p6v2w5x4y6z7−p6v3w5x4y6z7+p7v4w6x4y6z7−p7v4w7x4y6z7−p6v2w5x4y7z7+

p6v3w5x4y7z7+p7v3w6x4y7z7−p7v4w6x4y7z7+p7v3w6x3y6z8−p7v4w7x3y6z8−
p7v3w6x4y7z8 + p7v4w7x4y7z8


