NON-VANISHING TWISTS OF GL(2) AUTOMORPHIC L-FUNCTIONS
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ABSTRACT. Let 7 be a cuspidal automorphic representation of GL(2,Ax). Suppose there exists a single
non-vanishing nt® order twist of the L-series associated to 7 at the center of the critical strip. We use the
method of multiple Dirichlet series to establish that there exist infinitely many such non-vanishing n*® order
twists of the L-series of the representation at the center.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

Let E be an elliptic curve defined over a number field K. The behavior of the rank of the L-rational
points E(L) as L varies over some family of algebraic extensions of K is a problem of fundamental interest.
The conjecture of Birch and Swinnerton-Dyer provides a means to investigate this problem via the theory
of automorphic L-functions.

Assume that the L-function of E coincides with the L-function L(s, ) of a cuspidal automorphic repre-
sentation of GL(2) of the adele ring Ag. Let L/K be a finite cyclic extension and x a Galois character of this
extension. Then the conjecture of Birch and Swinnerton-Dyer equates the rank of the y-isotypic component
E(L)X of E(L) with the order of vanishing of the twisted L-function L(s,7 ® x) at the central point s = 1.
In particular, the y-component E(L)X is finite (according to the conjecture) if and only if the central value
L(3,m® x) is non-zero.

Thus it becomes of arithmetic interest to establish non-vanishing results for central values of twists of
automorphic L-functions by characters of finite order. For quadratic twists this problem has received much

attention in recent years. In this paper we address this question for twists of higher order. Our main result

is contained in the following theorem.

Theorem 1.1. Fiz a prime integer n > 2, a number field K containing the n*" roots of unity, and a suffi-
ciently large finite set of primes S of K. Let w be a self-contragredient cuspidal automorphic representation
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of GL(2,A ) which has trivial central character and is unramified outside S. Suppose there exists an idéle

class character xo of K of order n unramified outside S such that

L(%77T ® XO) 7é 0.

Then there exist infinitely many ideéle class characters x of K of order n unramified outside S such that
L(3,m @ x) # 0.

We refer the reader to Section 2 for the definition of the finite set S. Fearnley and Kisilevsky have
proven a related result for the L-function L(s, E) of an elliptic curve defined over Q. In [5] they show that
if the algebraic part Lalg(%, E) of the central L-value is nonzero mod n, then there exist infinitely many
Dirichlet characters x of order n such that L(%, E, x) # 0. We note that if L(%7 E) # 0 then the hypothesis
L*8(3, E) # 0 mod n is satisfied for all sufficiently large primes n. We find it interesting (and frustrating!)
that, although the methods of [5] (based on the arithmetic of modular symbols) are completely different
from the methods of this paper, both our result and theirs require some nonvanishing assumption. An
unconditional result in the cubic case (n = 3) has recently been established in [1]. We comment more on
this below.

The quadratic case (n = 2) is particularly accessible because, by the results of Waldspurger [17], Kohnen
and Zagier [13], and others, the existence of a quadratic character x such that L(%,ﬂ' ® x) # 0 implies
the existence of a metaplectic cuspidal automorphic representation 7 on the double cover of GL(2,Af)
corresponding to m. The correspondent 7 is related to 7 in the following way. If L(w, 7 ® 7) denotes the

Rankin-Selberg convolution of 7 with itself then

Lin® 2N p,(n
(1.1) Lw 7o) =) (2 NZZ,“) d ),
d£0

up to corrections at a finite number of places. Here d = dod3, with dy square free, the xgli) are quadratic

characters with conductor dy, and the Py(7) are certain non-zero correction factors which are trivial when
d2 = 1. We defer a precise definition of such objects until Section 2. These correction factors are small in

the sense that, for any fixed dp,

1.2 th Py (7 bsolutel ith R !
(1.2) e sum Z NG converges absolutely for any w with Re(w) > 5.

da#0
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This connection between 7 and 7 causes the existence of one non-vanishing quadratic twist to imply the
existence of infinitely many dy such that L(3,7 ® X ) # 0. This is because if T # 0 then L(w, 7 ® 7) has
a pole at w = 1. However the right hand side of (1.1) will converge at w = 1 if there are only finitely many
non-vanishing quadratic twists.

For n > 2 there are no known results relating n'" order twists of the L-series of 7 to Fourier coefficients
of other automorphic objects. In fact even a conjectural generalization of the results of Waldspurger to
the case n > 2 remains mysterious. However, in this paper we describe how a generalization of (1.1) can
still be found by associating 7 to a certain metaplectic form. This generalization is at least sufficient to
answer the question of whether one non-vanishing twist of a given order implies the existence of infinitely
many non-vanishing twists of that order. It may ultimately shed some light on the question of the correct
generalization of Waldspurger’s results, but at the moment this aspect remains opaque.

We will describe in detail a Dirichlet series that has the rough form

209 (s,w) = T ™ ® X )e(do) Pa(s, )

1.3
( ) ’ Ndw ’

d#0
where d = dod? with dy n'® power-free (see Section 2). Here €(dy) denotes an n*® order Gauss sum corre-

sponding to the character X{(;:) and Py(s, ) again denotes certain correction factors which are trivial when

d,, = 1. These are also small, in the sense that for Re(s) > 3,
Py an 1 1
(1.4) the sum E dodd %) converges absolutely for any w with Re(w) > — + 9
nw n

0
The fraction § comes from the bound of Kim and Shahidi [12].

The series Z(™) (s, w) is “natural” for the following reasons. First, when n = 2 and 7 exists, Z(”)(%,w)
agrees at almost all places with the Rankin-Selberg convolution L(w,7 ® 7). Second, after an interchange
in the order of summation, it has an automorphic interpretation as a Rankin-Selberg convolution of 7 with
an Eisenstein series on the n-fold cover of GL(2). In the case n = 2 , this automorphic interpretation of
Z™ (s, w) was exploited by Friedberg and Hoffstein [8]. In the case n = 3 the automorphic interpretation
was used by She [16] to establish a non-vanishing result for cubic twists of one particular 7.

In this paper we do not use the automorphic interpretation of Z (")(s, w). Instead we take the far easier

approach of the method of multiple Dirichlet series (discussed in brief at the conclusion of this section).
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Using this method we establish an analytic continuation and exhibit a finite group of functional equations

for Z(")(s,w) in the two variables s and w. Specializing to s = %, we obtain a Dirichlet series Z(”)(%,w)

with a functional equation in w. The condition (1.4) implies that if L(%, ™ ®Xg;)) # 0 for only finitely many

do then Z(™ (1, w) must converge for Re(w) > L 4+ 1. We then show that for n > 3 (ie. L+ 3 < 1) this

is incompatible with the functional equation. It immediately follows that the existence of one non-vanishing

twist implies the existence of infinitely many.

The method can easily be taken a bit further to establish a mean value result of the form, for Re(s) > +

(1.5) ZL(S,TF ®Y£lz)) e(do) Pa(3,m)W (Ij?) ~ C(S,TF)X%JF ,

3|~

where W is any suitable smoothing function. The constant c¢(s, 7) is a very interesting function; it is a simple
multiple of L(s + i, T™® 0(”)), the Rankin-Selberg convolution of 7w with the theta function on the n-fold
cover of GL(2), evaluated at the point s+ 5. When n =2 and s = 3, the series L(3,7® 6?) is essentially
the symmetric square L-series of 7 evaluated at 1, the edge of the critical strip. Thus in this case the L-series
does not vanish, and simple conditions on the sign of the functional equation of m determine whether or not
c(%, 7) equals zero. Because of this, unconditional mean value and non-vanishing results can be derived, as
was done in [8]. For n > 2, however, the L-series L(3 + 5,7 ® (™) does not have an Euler product and
is evaluated at a point inside the critical strip. Thus the question of vanishing becomes quite subtle. It
is because of this that we cannot yet eliminate the possibility that the entire class of twists L(%7 TR yf{;))
vanishes identically. In [1] a different multiple Dirichlet series is constructed, specific to the case n = 3. In
this case the (cubic) Gauss sum is removed from the numerator and the constant c(s, w) becomes essentially
L(3s,m,sym?®). As a consequence unconditional non-vanishing and mean value results can be obtained in
the case n = 3. The question of generalizing this method to n > 4 remains open and extremely interesting.

We close the introduction with a brief overview of the method of multiple Dirichlet series. Multiple

Dirichlet series are functions of several complex variables of the form

Z a(lmy,ma,...,m;)
mil m;Z e mfﬂ‘ :
M.y My

These can be considered, according to the order of summation, as a Dirichlet series in any one of the variables

whose coefficients are again Dirichlet series. For example, in (1.3) the multiple Dirichlet series Z() (s, w) is

a Dirichlet series in the variable w with numerator L(s, ®X§lz))e(d0)Pd(s, ), a family of Dirichlet series in
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the variable s. If a component Dirichlet series possesses a functional equation, then the multiple Dirichlet
series inherits a corresponding functional equation. Interchanges in the order of summation may reveal
new families of Dirichlet series in the numerator with new functional equations. Interchanging the order of
summation in (1.3) produces a Dirichlet series formed from n'* order Gauss sums. Such series arise in the
theory of Eisenstein series on the n-fold cover of GLy as introduced by Kubota in [14], and extended by
Patterson [15] and Kazhdan-Patterson [11].

Classical convexity estimates on the constituent Dirichlet series give a region of absolute convergence for
the multiple Dirichlet series. Once exact functional equations are obtained, one can apply them to the domain
of convergence to obtain a new domain which has a non-empty intersection with the original. This provides
the analytic continuation to the union of the original domain and its translates. An analytic continuation to
the convex hull of this union follows from a convexity theorem for several complex variables. In the case of
Zm) (s,w), we will show that we obtain a region whose convex hull is all of the complex space C2.

This approach was first detailed by Bump, Friedberg, and Hoffstein in [2] and [3] where instances of
multiple Dirichlet series possessing these properties were catalogued. Fisher and Friedberg [6] generalized
these arguments to quadratic twists of automorphic forms on GL(2) over arbitrary function fields. This
method was also carried out by Friedberg, Hoffstein and Lieman [9] on a multiple Dirichlet series whose
coefficients were weighted n'™ order Dirichlet L-series in order to determine mean-value estimates for these
L-series. Finally, see [1] for a different and considerably more complicated construction in the case n = 3
and GL(2).

The authors would like to thank Sol Friedberg and Adrian Diaconu for many helpful discussions.

2. PRELIMINARIES AND OUTLINE OF METHOD

Fix n > 2 and let K be a number field containing the n*® roots of unity. Let O denote the ring of
integers of K. Let m be a cuspidal automorphic representation of GL(2,Ax). Let Sy be a finite set of
non-archimedean places such that Sy contains all places dividing n, the ring of Sy-integers Og, has class
number 1, and 7 is unramified outside S¢. Let S, denote the set of archimedean places and let S' = S;US.

Let (%) be the power residue symbol attached to the extension K(<{/a) of K. We extend the n'" power

residue symbol as in Fisher and Friedberg [6]. We review the definition.
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For each place v, let K, denote the completion of K at v. For v nonarchimedean, let P, denote the
corresponding ideal of O, and let ¢, = NP, denote its norm. Let C' =[], s; P with n, > 1 sufficiently
large so that if @ € K,,, and ord,(a — 1) > n,, then a € (K*)". Let H¢ be the ray class group modulo C
and let Ro = Ho ® Z/nZ. Write the finite group R¢ as a direct product of cyclic groups, choose a generator
for each, and let & be a set of ideals of O prime to S which represent these generators. For each Ey € &
choose mp, € K* such that EqOs, = mg,Os,. Let £ be a full set of representatives for Rc of the form
[g,ce, Bo™, with ng, € Z. If E = [[g,ce, By "° is such a representative, then let mp = [, ce, mp°-
Note that EOs, = mpOg, for all E € £. For convenience we suppose that O € £ and mo = 1.

Let J(S) denote the group of fractional ideals of O coprime to Sy. Let I,J € J(S) be coprime. Write
I =(m)EG™ with E € & m € K*, m = 1mod C, and G € J(5) such that (G,J) = 1. Then as in [6],

the n*® power residue symbol (%) is defined, and if I = (m/)E’G’" is another such decomposition, then

E'= B and ("5) = (m55),

mmpg

In view of this define the n'® power residue symbol (£) by (4) = (=%

). If I is n'-power-free, we
denote by x; the character x;(J) = (%) This character depends on the choices above, but we suppress this

from the notation.

Proposition 2.1 (Reciprocity). [6] Let I, J € J(S) be coprime, and o(I,J) = x1(J)xs(I)~t. Then (I, J)

depends only on the images of I and J in R¢.

Let Z(S) denote the integral ideals prime to Sy. Let m be as above and let Lg(s,7® x.s) be the L-function
for m twisted by the character x, with the places in S removed. (Note that the Euler factor is also 1 at
the places dividing J.) If £ is any idele class character then the twisted L-function L(s,m ® £) satisfies a
functional equation

(2.1) Lis,T®&) =e(s,1@ & L(1l — 5,7 @EY),

where €(s, 7 ® &) is the epsilon factor of T ® &.

Proposition 2.2. Let E,.J € O(S) be n'"-power-free with associated characters xg,xs of conductors fg,f;

respectively. Suppose that x5 = xgpxr with [ € K*, I =1 mod C. Then

(2.2) e(s,m® x1) = €(1/2,x1)* Xx (F.1/1E) (Nf.1 /Nig) 27 e(s,m @ xp).



NON-VANISHING TWISTS OF GL(2) AUTOMORPHIC L-FUNCTIONS 7

Here €(1/2, 1) is given by a (normalized) n'! order Gauss sum, as in Tate’s thesis. We henceforth assume

that 7 has trivial central character (and is self-contragredient). Let

Ls(sm) = [[1=aug; ) (1= gyt = 3 D

vgS 1€Z(S)

where «,, and 8, are the Satake parameters associated to 7 at v. For J in Z(S5), write J = JoJJ

no

with Jo
the n*" power free part of .J. For I in Z(S), let I represent the part of I coprime to Jp.

For ideals I and J, define the function G(I,J) by

air,.n= [ awr),

v
ord, ()=«
ord, (J)=p3
where, for a, 3 > 0,
1 if3=0
¢ Ngw—1) ifa>8 B=0(n), B>0
(2.3) G(Py, Py = ¢ —q)/*" ifa=g-1, B=0(n), B>0
gV ifa=8-1, B#£0(n), B>0
0 otherwise.

To simplify notation, let ¢ denote the Dedekind zeta function of K and (s the zeta function with the places
in S removed.

Define the following pair of multiple Dirichlet series:

(2.4) Zy (s, w1, 2) = (s(nw —n/2+1) Y (NI)*(NJ)w ’
I,J€Z(S)
and
| - a(1)y1 (12 (J)G(L, J)xs, (DE(Jo)
(2.5) Zy(s,w;m, b1, ¥2) = Cs(nw —n/2+1) ) J;(S) (NI)*(NJ)w ’ n

where 11,19 are two idele class characters of Ro (hence of order dividing n and conductor dividing C).
The notation €(Jy) simply abbreviates €(3,x,). (Note that Z; and Z, are essentially dual objects up to
conjugation of s, and €(Jy).)

By summing first over J, we have

(Y1) D(w, I, 12)
O C—

(26) Zl(saw;ﬂ-awlan): Z e

I€Z(S)
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where

Yao(J)G(I, J)X 4, (1)e(Jo)
(NJ)w

(2.7) D(w, I,4) = Cs(nw —n/2+1) Y

JeL(S)

is a Dirichlet series obtained from the Fourier coefficient of an Eisenstein series defined on an appropriately
restricted congruence subgroup I' of the n-fold cover of GL(2). (This motivates the definition (2.3).) These
metaplectic Eisenstein series were first formulated by Kubota (cf. [14]) and were studied in further detail
by Kazhdan and Patterson in [11]. In particular, Kazhdan and Patterson exhibited a functional equation as
w — 1 —w and determined the polar structure: D(w, I,s) has possible simple poles at w = % + % and is
holomorphic elsewhere. (For a general introduction to the subject, we refer the reader to [10].)

Using the above theory together with one-variable convexity results, one sees that for every ¢ > 0
(2.8) [(w—3+ 1) (w—1—1)D(w, I,¢)| <. max{1, (NI)I-Re(w)/2+e (Np)t/2=Re(w)te),

Hence, we can obtain a region of absolute convergence for our multiple Dirichlet series as a convolution of a

GL(2) automorphic L-series and the above series D(w, I,1)2). That is, for i = 1,2 we define

(2.9) Zi(s,w;m, b1, o) = s(1 — s)(w+ 5 — L)(w+ 5 — L) Zi(s, wy m,901,12),

and it follows from (2.8) that Z(s, w; m, 11, 12) for i = 1,2 converges absolutely and uniformly on compacta

(and uniformly bounded away from the boundary) for the region

(2.10) R’ = {(s,w)| Re(s) > max{10, 22 _ Re(w) 29 _ Re(y)) ).

This is demonstrated carefully in Section 5.
Our multiple Dirichlet series have another fruitful interpretation upon interchanging the order of sum-

mation, so that the inner sum is over ideals I € Z(S). To present this form, first define the correction

polynomials Q(S7 Ja 7772]01#1), for ideals J = Hv PSrdv(J), by

n—1
- - a(PPHE )y (PYY)
(2.11)  Q(s, J;m, X ,%1) = H (s, P, X 15 ) klill H (ny+h—T)s— k=t |

v v
ord, (J)=nvy ord, (J)=nv+k

where

(212) Q(s. PV, xim) = a(Py)gt "7 — a(Pp Y x(Py)g S

v

—a(P Rt a0
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and where we make the convention that a(z) = 0 for all non-integral z. Then we will show the following

result in Section 3.

Proposition 2.3. In the region of absolute convergence R’ given in (2.10),

€(Jo)2(J) Ls(s, ™ @ X 5,%1)
(NJ)U)

(213) Zl(sawaﬂ—”plan) :CS(TL’U.)f’I”L/2+1) Z Q(S,J;W,YJO”(/H),

JEZ(S)

and

E(‘]O)d)Z(J)LS(S’ & XJ01/11)
(NJ)»

(214) ZQ(S,'LU,TF;'l/)l,Q//Q) :CS(nw—n/Q—Fl) Z Q(57J;777XJ01/11)-

JEL(S)
Given the results of Proposition 2.3, we can use upper bounds on the Fourier coefficients of our L-series
and the finite Dirichlet polynomials Q, together with standard one-variable convexity arguments, to show

that the functions Z(s, w, w511, Pa) for ¢ = 1,2 converge absolutely and uniformly on compacta in the region
R" = {(s,w)| Re(w) > max{1, % — Re(s),2 — 2Re(s)} }.

Since R’ and R” have a non-empty intersection, we see that the functions Z(s,w,w;wl,wg) for i = 1,2

converge absolutely and uniformly on compacta in their union, given by
(2.15) R = {(s,w)| Re(w) > max{2 — 2Re(s), L2 — Re(s), 22 — Bs) 29 _Re(s5)} }.

We use the two interpretations of the multiple Dirichlet series to exhibit functional equations as w +— 1—w
and s — 1 — s. Translating the region R under these equations will lead to an analytic continuation. We
begin with the form of the series as a sum of metaplectic Eisenstein series as written in (2.6). By adding in
the contributions at the infinite places, we can state a precise formulation of the functional equation inherited

by the multiple Dirichlet series from the Eisenstein series. Define

n—1 .
€! . " 1 nw—2%
(2.16) e e I | U R [

i=1

where Dy denotes the discriminant of the field K and r9 is the number of pairs of complex embeddings. This
set of gamma factors comes directly from the Fourier analysis and multiplication formula for the gamma
function. Then I, (w)D(w, I, 1)) has a functional equation as w — 1 — w, which we exploit to obtain the

following proposition.



10 BEN BRUBAKER, ALINA BUCUR, GAUTAM CHINTA, SHARON FRECHETTE, AND JEFFREY HOFFSTEIN

Proposition 2.4. In the region of absolute convergence R given in (2.15),

Fn(l _w)Zl(S+w - 1/27 1 _w;ﬂ-7¢17¢2) H (1 _q:}L/Q*l*n’w) = Z‘I’(W,¢2;€)Fn(w)Z1(Sa7«U§7Ta¢11/)25a$2)7
€

vESy

where each ®(w,2,§) is a function of w which is bounded in vertical strips of bounded width. The sum is

taken over all characters & with conductor dividing C' and order dividing n.

Proof: This follows as an immediate corollary of the functional equation for I, (w)D(w,I,49) given as
Corollary 11.2.4 of [11]. Note the necessity of twisting by characters 1; and s so that as the functional
equation takes Eisenstein series to a linear combination of Fisenstein series at each cusp, the form of our
basic Dirichlet series remains the same. Our ®(w, £) is then essentially a scattering matrix for this functional

equation. [

Now equipped with one functional equation, we go in search of a second. By interchanging the order
of summation, decomposing the sums in (2.4) and (2.5) according to primes dividing J, we will view our
Dirichlet series as weighted sums of L-series in s associated to 7. Thus our series inherit functional equations
as s — 1 — s. To make this precise, we must first include the appropriate Gamma factors which complete
the L-series. Define I'k(s) by

(2.17) Tk (s) = (J%it) [(s + iv)2T(s — iv)"2,

where again Dg is the discriminant of K, ro denotes the number of pairs of complex embeddings in our

totally complex field K, and i + 12 is the eigenvalue corresponding to the automorphic representation .

Proposition 2.5. In the region of absolute convergence R,

(2.18) H (1 — W) (1 — W) Tk (s)¢s(nw + 2ns — 37" + 1) Z1(s,w, w11, 12)

vESy v

= > B(sit, Tk (1= 8)Cs(nw — § + 1) Zo(1 — s,w + 25 — 17,91, o) €)
£€Rc

where the product of functions Tk (1 — s)B(s;41,£) is bounded in vertical strips of bounded width.

The proof is completed in Section 4. Because we will apply both functional equations to our multiple

Dirichlet series in order to obtain an analytic continuation, we would like to define I'-factors at the infinite



NON-VANISHING TWISTS OF GL(2) AUTOMORPHIC L-FUNCTIONS 11

places which are invariant under both functional equations as s — 1 —s and w +— 1 —w. Thus, according to

the previous propositions, we define

(2.19) I(s,w) =Tg(s)Tk(s+w—1/2)T(w)'p(w+ 2s — 1),
and define
(2.20) ZF (s, wim, by, v2) = (s, w)(s(nw + 2ns — 22 + 1) Z;(s, w; m,p1,92)  for i =1,2.

The pair of functional equations from Propositions 2.4 and 2.5, repeatedly applied to a region of absolute
convergence, provide an analytic continuation to all of C2. This is demonstrated in Section 5. We will show
in Section 6 that the resulting expression is uniformly convergent in some right half-plane. The functional
equation together with this convergence will allow us to show in Section 7 that if there is a single nonvanishing

twist at s = %, there must in fact be infinitely many nonvanishing twists at s = %

3. INTERCHANGING THE ORDER OF SUMMATION — A PROOF OF PROPOSITION 2.3

Proof of Proposition 2.3: We give the proof for (2.13), noting that the proof of (2.14) follows identically.
Fix an ideal J in Z(S) and decompose it according to J = JoJ? where Jo = J1J3 ... J""{ again denotes the
n*-power free part of J. Let v ¢ S be a place such that ord,(.J) = nvy, so that we may write J = P"7.J’
with (J', P,) = 1. We must analyze the resulting object G(I, J).

Writing I = P) M’ with (I, P,) = 1, gives

a(D)1 (N2 (J)G, )X 5, (De(Jo) a(I)y1 (I')eha()G(I', )X gy (I')e( o)
Z (N])S(NJ)“’ : Z (NI’)S(NJ’)“’ : X

I€Z(S)

3 a(P)1(P))G(PY, PI)X 4, (P))
(NP[)))\5+n’yw :

A>0

We first evaluate the sum over A. If v = 0, the sum becomes

Z a(P))1 (P)X 5, (P))

(NP, ) = L (s,m ®X,81),

A>0

where L") (s, 7 ® X.J,%1) denotes the Euler factor associated to the place v in the L-series.
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If v > 1, then using (2.3) we obtain

3 a(P)i(PY)G(PY, PP )X (P)) _ a(PP ™ (PP, (P71
As+nyw - nyw+(ny—1)s— L +1
A>0 Qv Qv
(3.1) N
+ 1 Z (qv - 1)0‘(Pv )wl(Pv )XJO (Pv )
nyw— S +1 q/\s ’
qu A>ny v

We wish to sum this geometric series, pulling out a factor of L(*)(s,7 @ X Jo¥1). We must therefore write
the Fourier coefficients a(P)) in terms of the v*® Satake parameters. (Recall that for v € S, @, 3, = 1 and

ay, + By = a(P,).) We have
A1 gatl
a(pd) =% O
ay — By

and

LW (s, 7 @ Xyyt1) = (1 - %XJJPv)WPv))l (1 - ﬂvx.fo(mwl(a))l

a q;

= (1= a(Py)Xy, (Po)v1(Po)ay™ + xao (Po)thy (Pu)ay ) 7"
Substituting these definitions into the latter sum of (3.1) and evaluating the geometric sums, we have

3 a(PY) 1 (PY)Xy (P)) 1 > X, (P L(P)) T ﬁMlYJO(P?)%(Pﬁ)

As - _ As As
A>ny qp° ay — By A>ny qp° A>nry qp°
1 aﬁ"/-‘rl = —s5\—1 ﬁ;t’y-i—l = —s5\—1
= W(l - QX g, (Po)Y1(Py)g, *) " — W(l - ﬁvXJc)(PU)wl(Pv)qv )
Qqy — /81) qv Qv

L®(s, m,X - v
- W(a@m) = a(P X g (Po)tr (P)g, )

Therefore, we may rewrite the entire equation (3.1) as

D

A>0

a(PY)1(P)G(PY, PPY)X g ()

As+nyw
qQu 7

1 ny—1\77, s
= e [P TR(P)X (P 4

nyw+nys—
v

(g = 1) [a(PI) = (P b1 (PR, (Po)ay "] L (s, 7w @ X5, 0)|

) - B
= BT OXRYD i1y, (B () 43 [1L = alP) T, (P (P)gc

nyw-+nys— %Jrl
v

X0 (Po) 1 (Po)ay ] + (g0 — 1) [a(P)7) = a(Py7 ™ )i (Pu)X 5, (Po)ay ®)]) -
Expanding in the second bracket, and using the relation

a(PyNa(Py) = (aw = By) "M (0] = B17) (0w + B) = a(P}7) + a(P)772),
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we find that the above expression equals

L) (s, 7@ X ,¢1)

nyw+nys— % +1
quv

[qea(PI) — a(P ™)X g (Po) o (Po) gy

—a(Py7 )X (Po) 1 (Po) gy + a(P ™ a(Py)] -

Putting it all together, we have
) a(P))1 (P)G (P}, PP )Xy, ()

As+nyw
) 7

A>0

L(U)(Sﬂl'@Y 1bl) 2Y _nys _ Y (ny+1)s
= S e [P T (PR (P (Pa)aet T

nAy— — ZX—1—(ny—1)s Ay — X—1-nvys
APy (P)B (Po)a” T (P2, T,
Recall the convention that a(x) = 0 for all non-integral x. Then repeating the above process for all such

places v with P, not dividing .Jy, we have for any fixed ideal J

a1 (12 (J)G, J)X 4, (1)e(Jo)
(3'2) Z (NI)S(NJ)'IU :

I

(D1 (1)p2())G(I, J)X 4, (1)
(NI)*(NJo)™ ’

L® (5,7 @ X ¥1) a
= H qn’yw Jo Q(Sap1?77YJow1;ﬂ-) Z
v
ordu(g)zn'y I|§6x>

where Q(s, P}, x j,%1;7) is as defined in (2.12).
We must now repeat this analysis for the remaining sum over I such that I|J§°. Let v be a place such
that P,|Jo. That is, ord,(J) = ny + k, for some k € {1,2,...n — 1} and denote ord,(I) = A. Then, writing

I =P} and J = PPM** ] we have
ny+k—1

G(1,7) =GP, prthyy = ) 0 GULTD A=y k-]
0, otherwise.

Moreover, in this case P, = (1) since P,|Jo, so x., (/PZ) = 1 Thus we may write

3 a(D) 1 (Do (S)G, J)e(Jo)
(NI)*(NJ)®

(3.3)

I
1Jg°

a( Py )y (PR 3 a(I") iy (I') 2 (J)GUI', J')X g, (I')e(Jo)
q(n’y+k—1)s+(n’v+k)w—%k_l T (NI")s(NJ"w
I'|\Jge
Repeating this for the remaining finite list of places v such that P,|Jy, we have
a(D (1) 2 ()G, T)e( o) a( PPty (Pl
= €(J, J = = .
21: (NI)s(NJ)w (Jo)2(J) kUl H (nyHk—1)s+(ny+k)w— 2251

I1J5° “ " ordy (J)=ny+k

(3.4)

v
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Combining this result with the information from (3.2) and (2.12) and noting that our characters ¢; have

order n, the original series for fixed J takes form

3 a(1) (D)o (J)G (I, J)X 5, (De(Jo)

3.5 = €(J, J)L X
( ) (NI)S(NJ)w 6( 0)1/)2( ) S(S?W®XJ0¢1) X
I€Z(S)
11 Q(s, PV, X gy th1; ) 1:[ 11 a(Py Ny (P
- n'yw - - (n'erkfl)er(n'erk)wf7"“#2)“71 )
ord, (J)=n~y - ordv(J):n'y+k dv

Summing over each ideal J € Z(S), the result follows. [l
We will also have need of the following lemma.

Lemma 3.1. Let the notation be as above. The correction factor Q(s,J;m,X ,%1) satisfies the following

functional equation in s:

(3.6) Q(s, I3, X g, ¥1) = (NJo 3 -+ TR I 20 (205 - TR TQ(L = 8, T3 7, X ¥1)-

Proof: From the definition made in (2.12), one readily sees that at each prime ideal P, with (P,,Jy) =1
Q(57 P;l'y)Y.]gwl; ﬂ-) = (qgﬁy)l_QSQ(l -5 P’ZL’Y’ XJOEl; 7T)'

Moreover, for each of the prime ideals P, with P,|Jy for any choice of k, we have the identity

(a(PWk-l)wl <Pf‘1>> (R i-2e2 pEy (a(P:W-l)wl(Pf-l) ) |

(n’erkfl)sf%k_l (n'y+k:71)(lfs)7%k’_l
v

The lemma therefore follows by combining the above identities. []

4. A FUNCTIONAL EQUATION AS s — 1 —s: A PROOF OF PROPOSITION 2.5

Recall from Proposition 2.3 that we have

€(Jo)2(J) Ls(s, ™ @ X 1,%1)
(NJ)w

Zl(sawa’”;whd@) = CS(nw 7”/24» 1) Z

JEL(S)

Q(sa J;W7YJ01/}1)7

and

€(Jo)Y2(J)Ls(s, m @ x.,%1)
(NJ)w

22(87711,7?;1/)171/)2) = CS(nw - n/2 + ]-) Z Q(sv J;W7XJ0¢}1)7

JEZ(S)

where Q(s,J;m, X 5,%1) is the correction polynomial defined in (2.11). To facilitate the statement of the

results of this section, we extend the definitions of Z; and Z; to include arbitrary linear combinations of
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characters in place of 11 and 5. In particular for E € £, let g be the characteristic function of the class

E, and consider

€(1/2, Jo)a(J) Ls(s, ™ @ X ¢1)

(41) Zl(saw;ﬂ-awlaéEwZ) :CS(nw_n/2+1) Z (NJ)w ’
JEL(S)
J~E
where for notational convenience, we put
(4.2) L(s,m @ Xj¢1) = L(s,m @ X 5,%1) Q(s, J; 7, X 5,%1)-

We determine the functional equation for this completed L-function in the following lemma.

Lemma 4.1. With the notation as above,

1-2s
) (F2)  sa-smenby.

JC NJC
(4.3) L(s,m @ Xs%1) = e(5,X1,)* €(s, ™ @ X gth1) vF (E) ( =

Proof: From (2.1), we have L(s, 7 @ ¥ ,%1) = (s, 7@ X ,¥1) L(1 — 5,7 @ x.5,¥; ). We will evaluate the factor
£(s, m@X 5, 01) = (s, (T ®v1) ®X,) using Proposition 2.2. Write Jy = IoE, where E represents the class of
Jo in R¢, and where Ip =1 mod C. The conductor of x s, is given by {5, = JiJs- - - Jp—1CEg, where Cg is a
constant depending only on the class E. The central character of 7 is trivial, therefore the central character

of T ® vy is ¥?. Thus we have

1—-2s
) (5,7 © Y1)

(44) E(S,W®XJO/I/)1):g(é’XIO)Q,L/J%< 1 1 E)( 1 1UE

Nig

The lemma then follows by combining the above with the functional equation for Q(s, J;,X 7,41) given in

fe

Lemma 3.1. [

We are now ready to demonstrate the functional equation for Z; as s — 1 — s. The functional equation
in Z5 can be shown completely analogously.

Proof of Proposition 2.5: Using Lemma 4.1, together with the fact that

1 1 1 1

5(57Y10)2 €(§vXJo) = 5(57YJ0)5(§,XE)2,

we see that

(45)  Zi(s,wym, 11, 0pis)

B €(1/2, Jo)2vp3(J)Ls(1 — 5,7 @ X.y¥1) L1 — 5,7 ®@ xyy01)
= A(E,s) Z (NJ)ywt2s—1 H LO(s,m® X, ¥1)

JeI(S) vES

J~E
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where
NC 1—2s C B
A(E,5) = (fof) " (;) €(1/2, x)%e(s, 7 ® V1 Xp).
1
To proceed further, multiply both sides of (4.5) by . Then
p ply ( ) vg (v)<n—n8ﬂ'®w1>
LU= s, m@xuP) _ |, Laxni(P) e (B
L) (n —ns, T @ Y7) gie g~ Da=s)
oy BB R L B
ql s (n—1)(1—s)
v Q'u
Hence for each J and each v € Sy the term
LW — 5,7 @ x1,%) 1

L0 (n —ns, 7 @¢}) LW (s, 7 @X,91)
becomes a finite Laurent polynomial in ¢5 whose dependence on J is through terms of the form y s, (P,).
Since v € Sy and J is in a fixed class E of R¢, we have xj,(P,) = & (E) for some character &, of Rc.

Similarly, the quotient

H LO(1 - 8, @ XJot1) - TI'r(1—5s)

ves.  LW(s,m@X,10) Ti(s)

where 'k (s) is defined as in (2.17), is independent of .J.

(4.6)

Since
Z1(s,w;m,1,12) = (s, w)(s(nw 4 2ns — 3 + 1) Z1(s, w; 7,91, v2),

where we recall that T'(s,w) is the complete set of Gamma factors defined in (2.19), we conclude that

H <1_W> (1 5v¢1( )> Z1(s,w,m,91,Y20E) =

vESy Q'u

A(s;01, EVZ5(1 — s,w+2s — 1, lﬂl,lﬂgw%(sE).

Moreover, the functions A(s; 1, F) are finite Laurent polynomials in NJ*. Summing over £, we find that

H (1 — w> (1 ﬂ’l);:l (ns )> Zl (S w, T w1,¢2 Z ZT(Sawvﬂawla¢25E)

vESy v Eeg

is equal to
ZB(S,¢1a§)Z5<1 —s,w+ 2s — 1;7Ta Tﬂl,l/lzw%f)
3

where B(s;1,£) is a linear combination of the A(s;1, E). [l
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5. ANALYTIC CONTINUATION

We wish to analytically continue the functions Z(s, w; 1, 19) for i = 1,2 to C2, for each choice of v
and 5. This will be achieved using the functional equations for the Z*, along with properties of the series
D(w, I,v5) and the Dirichlet series L(s,m ® X 11). As above, we will restrict our attention to Z1, as the
arguments for 22 will be almost identical.

First, we consider the expression for Z; (s, w; 7,11, ¢2) given in (2.6). Using the bound |a(I)| < (NI)'/9+¢
for the Fourier coefficients, as well as the bound given in (2.8), we see that Zl(s,w;ﬂ,wl,wg) converges
absolutely and uniformly in the region of C? satisfying Re(w) > 1 and Re(s) > 0.

Next, we examine the behavior of Z; (s,w;m,11,12) when Re(s) < —1/9, utilizing the expression for

Z1(s,w;m,1)1,12) given in (2.13). It will be convenient to work with this series as

Zl(S,’LU;ﬂ',Ql}l,'l/}Q): Z Z1<S,’LU;7T7’¢176E'L/12),

E€eRc
with Z1(s,w;m,9¥1,dg12) as given in (4.1). The full Dirichlet series L(s,m ® X j¥1) satisfies the functional

equation given in (4.3). This functional equation involves gamma factors, as we have
(5.1) L(s,m @ X s,t1) = [[ LV (s, 7 @ Xy001) = Tie(s)A(s) Lis (s, ™ @ X, ¥1),

where A(s) =]] L™ (s,m ®X,%1). Combining (5.1) with (4.3), we obtain
Pr(l—s) A1 —s)

vESy

(5.2) Ls(s,m@X 1) = B(s, E)(NJ)' "2 Lg(1 — 5,7 @ X;91),

where we put

N 1-2s
B(s, E) = &(3,Xp,)*e(s,m @ Xptn) v (%) (Nif) '

We set s = —1/9+4 o + it in (5.2) and examine the factors on the right, as |t| — oco. For the Gamma factors,

using a simplified version of Stirling’s formula given by
[D(o +it)| ~ [¢]7~ Peap(=lt]) as |t| — oo,

we see that

Pk(10/9—0—it)| ( |Dxk| 2y 11/9-20
L (—1/94 0 +it) (2m)r2

where v is the constant given in (2.17). As [t| — oo, we therefore have

‘ Ik (10/9 — o — it)
T (—1/9+ 0 +it)

’ ~ M‘t|(22/9_4U)T2
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AR —o—it)

for some positive constant M. The factor pTELSw——

is a finite polynomial in powers of ¢7, hence it is

independent of ¢. Finally, the factor Ls(l—g0 — o —it,m ® X %1) is bounded as a function of ¢, since the full

L-series is absolutely convergent when s = %. Thus we see that Lg(—1/9+ o +1it, 7 ® X ;11) has polynomial

growth as a function of ¢, for fixed o < 0.

For Re(s) < —1/9, we therefore have

—40)r 1
| Z1 (s, w;m,901,12)| Ke c(cr)|t|(22/9 4o)r2 Z Z (NJ)Re(w) 20110+’

E€Rc JEI(S)
J~E

where ¢(0) is a constant independent of ¢, given by ¢(o) = max {c(o, E)}, with
€Rc

AR — o —it)

B = |2 =)
c(o: E) ‘A(gl+a+it)

‘ |B(5+ + o +it)| - M.

From this we see that Zl(s,w;w,wl,wg) converges absolutely and uniformly on compacta in the region
satisfying Re(s) < —1/9 and Re(w) > 2 — 2 Re(s). Now by applying a generalized version of the Phragmén-
Lindelof Theorem, we see that for s with real part between —1/9 and 10/9, Zy is absolutely and uniformly

convergent, provided Re(w) > 19/9 — Re(s). Therefore, our region of convergence for Zl(s,w;w,wl,wg) is

the region R” = {(s,w)| Re(w) > max{1, &’ — Re(s),2 — 2Re(s)} }.

To obtain a second region of convergence for Z;, we again consider the expression for Z; in terms of

D(w, 1,15), as given in (2.6). If Re(w) < 0, then (2.8) gives
(= 5+ 2)(w—§ = 5)D(w, [, 92)| < (NI)!/27Relw)te,

hence we see that

(NI)1/9+E(NI)1/27RE(U)) 1
(NI)s - Z (NT)s+Re(w) —11/18+¢

|Zl(57w§777¢171/12)| <<e Z

I€Z(S) I€Z(S)

Consequently, the initial region of convergence of Zi(s,w;m,1,1), i.e. Re(w) > 1 and Re(s) > 2

is extended to include the region of C? satisfying Re(w) < 0 and Re(s) > 29/18—Re(w). Then by a

second application of the Phragmén-Lindelof theorem, we see that Zl(s7w;7r,1/)1,z/}2) converges absolutely

and uniformly on compact in the region R’ = {(s,w)|Re(s) > max{%, 23 — Reéw), 29 — Re(w)} }.

These regions overlap, which means that Zl(s,w;ﬂ',wl,wg) converges on their union, R = R’ UR".
By an almost identical argument, Zg(s,w;ﬂ,wl,wg) also converges on the region R. Now we may apply

the functional equations for the Z;, represented for convenience as « : (s,w) — (1 — s,w + 2s — 1) and
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B:(s,w) = (s+w—1/2,1—35), to extend this region of convergence. Applying the transformation « to the
region of convergence R, we obtain a region which overlaps R, and when we take the convex hull of their

union, we obtain the half-plane {(s,w)|Re(s) > 23 — Re(w)}.

Finally, applying the transformation 3 to this half-plane, we obtain another half-plane which overlaps it.

Therefore when we take the convex hull of their union, we obtain all of C?, as desired.

6. ABSOLUTE CONVERGENCE OF SUMS IN A RIGHT HALF-PLANE

We first analyze the individual expressions Zi(%,w;w,wl,lpg) for i = 1,2. Again, we will restrict our
attention to Z; in what follows, as the convergence of Z5 will evidently follow in the same fashion. To begin,
we separate the sum over .J in terms of two pieces — the first corresponding to n*" power free Jy, and the

second corresponding to J,. From (2.13), we have

m(évw;wl,wz) I e e

Jo€Z(S) (NJo)® (N e

n*"-power free

Jn€L(S)

In the expression for Q(%7 J; 7, X 5,%1) obtained from (2.11), we abbreviate the notation by defining

(6.1) Con (Po) = Xy (Po) 1 (Po) + Xoso (Po) 31 (Po),
and writing

1 _1
Q (5 P Taytnim ) = alPE) = Py o (P2) + P22

For fixed Jy, we show that the sum over J,, is absolutely convergent in a certain right half-plane in w. We

may write

Q(lv Ja WvYJowl)
Z 2(NJn)nw

B n—1 a(Pﬁ’Y+k71)@/}1(P§71) Q(;pgw, J;ﬂ-)
- H ].:[ Z (NP, ].:[ Z - (NP)Mw
k=1 ord, (J)=ny+k 720 ord, (J)=n~y 720

Jn€I(S)
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and then analyze each of the geometric sums individually, using the Satake parameters. First, we have

3 a(PPYR N (PFTY) (P 3 ag Ttk — gtk

~>0 (va)n'yw N Qy — ﬁv >0 q:;ww
wl(Pfil) n_—nw n —nw
= B {045(1*04 g, ") =B (L= B, ™) 1}

= 1Py —agg, ™) (1= B, ™) [a(PyTY) +a(Pr g™
Notice that we have two of the factors in the Euler factor corresponding to the non-archimedean places v in
the symmetric n*® power L-function. Namely, for each such place v, we have the j = 0 and j = n factors in
the expression
(6.2) LW (nw, 7, sym™) = H (1—alIpig ™)L,
0<j<n

Next, we have

ZQ( ’P 7XJ0¢17 )

§~ alB) — a0 ay 2 (P) + a(P7—2)g; !
(NPU)n'yw

nyw

quv

v>0 y>1

n

1 -3 — Ay n_— —
=1+ l(av = qv *Crop (P) + (o) 1) g (1—ayg,™) !

v

+ (/Bv - q'U_%CJO”lﬁl (Pv) + (ﬁvgv) )qﬁ (1-8rq,™)” 1 .

v

After factoring out (1 — alq, ™) ~1(1 — B%q, ™)' from the entire expression and simplifying, we obtain

ZQ( 7P 7XJ01Z}17 )

L mpy

(1 o an 7nw) (1 o ﬂn 7nw) 14+ 4

1 2 1
qne pw+1/2 qguﬂr qvnw+

a(Pr=2)  a(PrN)Copuy(P) [ a(Pp~?) | 1 ]

Therefore the sum over J,, € Z(S) becomes

Z Q(%aJ;ﬂ-aYJOwl) —

(6.3) N,y

Jn€Z(S)

[T —aba ™) 1 - Brg,™ ) H H ViR [a(Py ) + a(Py g™ ]
v ord (J) k (n)
B SO P Bl RE: SO B

+
1 2 1
qne qgw+1/2 qgw+ qvnw+
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In order to express this sum in terms of L(nw,w,sym™), we multiply through by the remaining factors in

(6.2) and their reciprocals. If we put

Ry(n,wim)= [ (1—-a)7Big,™)

1<j<n—1
_ A=l TPm) - (1= gy ™) (1= Bugy ™) -+ (1= B2, ™) if n is odd,
(1= ™2g, ™) - (1= gy ™) (1= ¢ ™) (1 = Bugy ™) - (1= B %¢; ™) if m s even,

then we have

= Lg(nw,m,sym") R j, (w; ),

Z Q(%aJ;TﬁyJowl)
Jn€Z(S)

(NJ,, v
where
n—1
Ry (w;m) = II Rowm)w(PFY) [a(PE) + a(Pr*1)g,™]
k=1 o, (To)=k
a(Py=2)  a(Py " )Crou (Py) | a(P)?) 1
X H R, (n’w;ﬂ-) L+ q;}m B - qnw+f/2 =+ anJU-H q2nw+1 :

v
ord, (Jo)=0
The factor L(nw,m,sym™) converges absolutely for Re(w) > 1 4 1. In the factor R, (w;m), the product
over places v with P, | Jy is a finite product, and therefore it does not affect convergence. In the infinite

product over places v with P, 1 Jy, for a given place v, it is clear that the terms

P2 AP (P
qg,w qnw+1/2

v

determine the region of convergence. Using the fact that
a(P,) <c g/,

([12]) we see that the first of these two terms is in fact more restrictive. We find that this infinite product,
and hence R j, (w; ), converges absolutely for Re(w) > 5= + &. Now suppose there are only finitely many

twists for which Lg(%,7,%,%1) is nonzero. Then

Z e(Jo)2(Jo) Ls(5,m, X 7,%1)

(NJo)w R (w; 7T),

LS(nwa , Symn)
J()EZ(S)

n*®-power free

will converge absolutely for Re(w) > %—&—%. (Note that since we are restricting our attention to the case n > 3,

this would mean that there exists some § > 0 such that the sum converges absolutely for Re(w) > % —4.)
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7. NONVANISHING TWISTS (PROOF OF THEOREM 1.1)
We now use the results of the previous sections to prove Theorem 1.1. We require the following lemma.

Lemma 7.1. Suppose the Dirichlet series

b(d)
Lw) =3
is absolutely convergent for Re(w) > 1/2—4, for some positive 8. Suppose further that there exist Dirichlet se-

ries My (w), Ma(w), ..., M.(w) and functions v, (w),y2(w), ..., v-(w) which satisfy the following conditions:

(1) Each M;(w) is absolutely convergent for Re(w) > 1/2 — 4.

(2) Each ~j(w) is holomorphic for Re(w) > 0, and for all k > 0,0 > 1/2 we have the estimate
vi(o +it) <<po |t|7F, as |t| — 0.
(3) There is the functional equation
Lw) = Y@My (1 = w).
J

Then L(w) is identically zero.

To apply the Lemma, we set s = % and view the functions Z;(s,w;m,y1,19) for ¢ = 1,2 as Dirichlet

series in w. In particular, after repeated applications of the functional equations, the Dirichlet series L(w) =

Zy (2

5,w;m, 1,1) satisfies the functional equation

L(w) = Z Vé1,62 (w)Z2(1/27 1 —w; 7Ta§17§2)

€1,62€R.

for some collection of functions ¢, ¢, satisfying condition 2 of Lemma 7.1. (To see this, apply the w-functional
equation, followed by the s-functional equation, followed by the w-functional equation to Z; (s, w;m, 1,1) at
s = 1.) If there are only finitely many idele class characters xj, of order n such that L(1/2,7 ® x,) is
nonzero, then as established in the previous section, there exists a positive d such that the Dirichlet series
on both sides of the above equation are absolutely convergent for Re(w) > 1/2 —§. It follows that L(w) is

identically zero and the proof of Theorem 1 is complete.
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Proof of Lemma 7.1: Suppose L(w) is not identically zero. Choose ¢’ with 0 < §’ < ¢ such that L(1/2+§") =

A # 0. Then

L(1/2+0 +it) < Y |y(1/2+ 8 +it)] - [M;(1/2=6") — 0 as [t| = oo,
J

b(d)

T/ < A/3. Choose to so that |d~" — 1| < 1/3 for all

Choose X so large that |L(1/2+ ) — Z
d<X

d < X. Then

. b(d) 1 b(d
L(1/2+ 08 +ito) = L(1/2+ 8| < | Y s (1 - dm) + ‘ 3 lejé, < 24/3.
d<X d>X

Hence |L(1/2 + ¢’ + itg)| > A/3. However, we can find arbitrarily large such to. This contradicts the fact

that L(1/2+ 0’ +it) — 0 as t — oo. [
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